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Goal of clustering:

Divide objects into groups,
and objects within a group
are more similar than
those outside the group

unsupervised learning



Image

Clustering handwritten digit images
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Cluster customers - customer segmentation

* Assume you work 1n the credit card department of a bank
you job title 1s data scientist

* to understand the behaviors of the customers (credit card holders)
and 1mprove marketm%lst.rate 1es, you may need to categorize the
customers based on their characferistics (income, age, buying
behavior, etc).

* Find the clusters/groups that contain valuable customers:
¢.g., high income but low annual spend.



C | u Ste I h ouses https://arxiv.org/pdf/1803.00919.pdf

* Assume you work for a real-estate company as a data scientist
* Predict the sale prices of houses
step-1: make clusters of houses (sub-markets)

cluster houses based on characteristics such as income of the
house owner, house price, size, closeness to bay, etc

step-2: use a regression model to predict the sale price of a
house 1n a sub-market/cluster, given the attributes/features of the
house (e.g., size, number of bedrooms).



K-means Algorithm for Clustering Objects

* Represent each object by a numerical vector

* Input to the k-means algorithm 1s a set of vectors
we need to put those vectors into a 2D array (matrix/table)

* Output from the k-means algorithm 1s a set of clusters (groups)
each cluster contains a subset of the vectors/objects
the clusters are disjoint (do not share any vectors/objects)

* Clustering 1s based on the distance between two vectors
we need a function to measure the distance(vectorA, vectorB)



Represent an image by a vector

This image has 28 %28 pixels.

It is a matrix/ 2D array A € R%8%28

AO,O

AO,27

row-0

A27,O

A27,27

row-27

" Ao o
Ap 1 the first row
Ag o
X = the second row
Ay7 27

a vector ~an image ~ a data sample
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income

Represent a customer by a vector
Each row 1s a feature vector of a customer

e

2 233 150 i §
250 187 2

4 204 172 3

5 236 178 4

6 354 163 5

7 192 148 6

8 294 153 T

9 263 173 8
10 199 162 9

- p -
x = |income
 spend |

In many applications,
customer ID 1s not usetul,
SO We remove 1t

_ [income

- [ spend

}

}

xq : the 15t customer (15t row 1n the table)
X, : the 2" customer (2™ row in the table)



Vector Norm and Distance Measure

* In general, we can define a £, norm (p = 1)
1

Ixllp = (Sl

It measures the “length™ of the vector

‘x[l]‘ 1s the absolute value of x|q)

|p \p |x[21\p+ \x[3]|p+---+ |x[M]|p

m=1|%m| = |¥



Vector £, Norm of x € RM
* Common norms used 1n machine learning are
.'Bl norm H.X‘ 1 = %=1‘X[m]
(sum of the absolute values of the elements)

¢, norm ||x]||, = \J %zlx[zm] =VxTx
(Euclidean norm)
°£oo norm ‘x”oo — maX{‘x[l]‘, cee ) ‘X[M]‘}

(max of the absolute values)



two data points x and y in R?

» Euclidian distance: V42 + 32 =5

¢ Manhattan distance: 4 +3 =7

o “inf”-distance: max{4,3} =4



Vector Norm and Distance Measure

* two vectors/points x,y € R, and the norm of x is £, norm || x|,
* x 1s the feature vector of object-A

* y 1s the feature vector of object-B

* Then the distance between x and y is ||x — y||,,

* £, norm 1s used in k-means algorithm to measure distance
X — [O.l _ [O. 2
12 Y T2

the distance is ||x — y|l,=+/(0.1 — 0.2)2+(1.2 — 2.1)?2




Before clustering, a dataset of vectors/samples

5

a feature vector x 1s a data sample o . MR
4 >
_ - \ 4
p— [x :1: ] X [2] 3 ®
x|2
- 2 M o ®
o ® ¢
: o ¢
a data sample 1s also called 1 o . o
a data point, 1.e. a point in a oo o ¢
high dimensional space 0 '
0 1 2 3 4



Apply k-means algorithm: Initialization

Initialization:

(1) The user (you) sets the
number of clusters
e.g., 3

(2) The algorithm will
randomly 1nitialize the cluster
centers/centroids.

A cluster center 1s a vector.
We get three random centers

o * o
o o
) S
Cz <&
o
. o
1 e <
o ° ¢
° o
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° o
oo O o ¢
3
1 2 3 4

Ci, C, Cy are 1nitial cluster centers
at three random locations



After k-means clustering, clusters/groups are formed

After k-means clustering:
* The data points are assigned to °

the three clusters e ¢ Cz; R
red-cluster o
green-cluster 3 ¢
blue-cluster ¢
<
2 c o * .
* Every data point has a cluster ¢ ., 1 ¢ o o
label that could be 1,2, 0r3 ' MR e
X o ¢
) | - o
* The final cluster centers are 0 . > 3 4 .

different from the initial centers
Ci, Cy, C3 are the cluster centers



Initialization: the number of clusters and random locations of the cluster centers
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Assign Labels: assign each data point to the nearest cluster center

o o
\’ c, g R




Update Centers: re-compute the center of each cluster
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Assign Labels: assign each data point to the nearest cluster center

¢ C, ¢ o
2
® Qo
® o
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Update Centers: re-compute the center of each cluster

o C.2 o
® 2
O @2
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two steps run iteratively in the k-means algorithm

» Update Centers

for each cluster, move the center vector C to the average location
of the data points in the cluster

» Update Labels

for each data point, find the nearest cluster center and then
attach a cluster label to the data point



Watch video: k-means_clustering

Run kmeans raw.ipynb



Formal statement of the k-means objective

» Given N data points {x, ..., Xy}
x, € RM is a data point (feature vector) of an object
* Find K cluster centers, {cy, ...,cx}, ¢x € RM, K K N
* Assign each data point x,, to one cluster:
a(n) is the cluster label of the data point x,,
a(n) = k states the data point x,, is assigned to the cluster-k

* The goal 1s to find the optimal clusters such that the objective/loss function 1s

minimized:
1 i 2
L= [t = catml
n=1

the average "distance" (squared) from the data points to the corresponding centers



Clustering is difficult in general

* Find K cluster centers {cq, ..., cx} € RM that minimize the loss

1 N
2
L= [ln = caenl
n=1

a(n) = k states x,, is assigned to the cluster-k

* It 1s a chicken-egg problem:
* To make the assignment, we need to know the centers
* To obtain the centers, we need to know the assignment (cluster labels)

* Brute-force search: try all possible assignments {a(1), a(2), ..., a(N)}

Given N data points, there are KV possible clustering results: computation
cost 1s too high for a large dataset



Question:

* Will the k-means algorithm always converge after a finite
number of iterations for any dataset ?

Yes ? No ? Maybe ?



Question:

* Will different mitialization lead to different clustering results?

Yes ? No ? Maybe ?

Run kmeans_raw.ipynb



Initialization iter=6, loss=133.93828211933968
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Centers are randomly
initialized

Initialization

iter=10, l0ss=1629.8579910348385




a bad result from k-means the best clustering result
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Clustering result of k-means algorithm could be random

Clustering result 1s determined by data distribution and initialization
(given the number of clusters K)

Initialization of the centers 1s random.

S,

Difterent initializations could lead to di

‘erent clustering results.



k-means may just find a local optimal solution
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A Potential Problem in 233 250
features and distance x =|150|, y =187
1 income spend gender L0 1
2 233 150 0 | |
3 750 187 1 the distance is ||x — y||,
4 204 172 0 =./(233 —250)2+(150 — 187)2+(0 — 1)2
: 236 178 1~ /(233 — 250)2+(150 — 187)2
6 354 163 0
7 192 148 1 The distance 1s dominated by the
8 294 153 1 differences in income and spend;
9 | 263 173 ' gender is almost "ignored"
10 199 162 0

This 1s bad because gender information 1s very useful for clustering:
male and female customers have different spending patterns
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Normalize features: weight the features equally

income__
233
250
204
236
354
192
294
263
199

H

spend

150
187
172
178
163
148
153
173
162

gender

Method-1:

calculate mean of income (15 column), m
calculate standard deviation (std) of income, s
normalize income by mean and std

income <= (income - m)/s

do the same thing for the other two features

O R P P OFr O Fr O

sklearn.preprocessing.StandardScaler

class sklearn.preprocessing. StandardScaler(copy=True, with_mean=True, with_std=True) [source]
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Normalize features: weight the features equally

income__
233
250
204
236
354
192
294
263
199

H

spend

150
187
172
178
163
148
153
173
162

gender

Method-2:

calculate the max of income (15t column), a
calculate the min of income, b

normalize income into the range of 0 tol by
income <= (income - b)/(a-b)

do the same thing for the other two features

O R P P OFr O Fr O

sklearn.preprocessing.MinMaxScaler

class sklearn.preprocessing. MinMaxScaler(feature_range=(0, 1), copy=True) [source]
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