Deep Neural Network (DNN)
- computational graph and automatic differentiation

Liang Liang



We have learned those Models
for classification and regression

 Linear Models can only describe linear relationship between mput x and output y
* Classifiers: Logistic regression classifier, Linear SVM
* Regressors: Linear regression model, Linear SVR

* Bayes Models to describe nonlinear relationship ° | -
* not easy to get class PDF
« GMM may not work for your data - 1
* Trees and Forests to describe nonlinear relationship = . e

 good for tabular data
* not so good for image data, voice data, and text data

* We could use feature transform ¢ (x) to model nonlinear relationship.
* Polynomial features: x = [x, x?%,x3, ...]
Not easy to find a good feature transform
* Kernel trick in SVM/SVR (implicit feature transform)
Not easy to find a good kernel function

The four points are Not linearly separable



A Neural Network is a nonlinear model if the
activation functions are nonlinear
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A Multi-layer (21 hidden layer) Neural Network is a
Universal Function Approximator

* Universal Approximation Theorem

* Every bounded continuous function can be approximated with
arbitrary small error, by a network with one hidden layer

* Activation functions need to be locally bounded and piecewise
continuous

* Deep network vs shallow network

A continuous function can be approximated by a deep network or a
shallow network. The deep network usually uses less number of units.



Training a Neural Network using Gradient Descent:
Forward Pass, Backward Pass, Parameter Update

* Forward Pass to perform inference

compute the output of each unit/layer

* Backward Pass to perform learning

compute the derivatives of the loss

» Parameter Update to adjust the parameters using derivatives

Update: w « w — n;—VLV

n 1s called learning rate
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Layer a  Layer b

dL

w; ; 18 the weight of the link connecting
unit-i in layer a and unit-j in layer b
X(iy 18 the output of the unit-i in layer_a
V(j) 18 the output of the unit-j in layer_b
fj 1s the activation function of the unit-j
V() = fi(v;) and vj = Xy wijxcp) + by
L 1s the loss
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° ;i 18 the weight of the link connecting
unit-j in layer b and unit-k in layer c

°  Y(j) 1s the output of the unit-j in layer_b

* V(K 18 the output of the unit-k in layer c

* fi 1s the activation function of the unit-k
* Vo = feCug) and up = 5wy + by
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The "Modern" View of A Deep Neural Network
- A Computational Graph
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w; ; 18 the weight of the link connecting unit-1 in layer-0 and unit-j in layer-1
w; ; 18 the weight of the link connecting unit-1 in layer-1 and unit-j in layer-2

w; ; 1s the weight of the link connecting unit-1 in layer-2 and unit-j in layer-3



h1 1 18 the output of the first unit
f1.1 1s the activation function
by 1s the bias

hir = f1,1(W1,1x(1) T Wy 1X2) T by)

hq 5 1s the output of the second unit
f12 1s the activation function
b, 1s the bias

hio = fi,2 (W1,2x(1) T Wy 2X2) T b,)

h 3 18 the output of the third unit
f1.3 1s the activation function
b5 1s the bias

his = f1,3(W1,3x(1) T Wy 3X(2) T bs)



hi1 = f1,1(W1,1x(1) T Wy 1X(2) T b1)
his = fi,2 (W1,2x(1) T Wy 2X2) T b,)
his = f1,3(W1,3X(1) T Wy 3X(2) T bs)
usually, f11 = f12 = f1,3

Let’s use matrix notation, define:

hi f11 bl_

hy = |hi2|, fi =|fi2|, b =|b

hi3) f13. b3 |
W11 W12 W3
w1 wp, W2,3]

hy = fi(W"x + b)
h{ 1s the output of layer-1
W 1s the weight matrix of layer-1
b 1s the bias vector of layer-1



Hidden hy1= f2,1(W1,1h1,1 +wy1hyp + w3 hy3+ b1)
Tohao =10 (W1,2h1,1 + wyohy 0 +W3ohy 3+ bz)

usually, f- 2,1 — f 2,2

I
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' Let’s use matrix notation, define:
l h
| 2,1 |21 b — b1]
I 2
I

!

I

!

& hao! /2 f2,2 b,
Wi1 W12
= |W21 W3>
’ W31 W32
then

hy = f,(W"hy + b)
h, 1s the output of layer-2
W 1s the weight matrix of layer-2
b 1s the bias vector of layer-2




Yy = hs1 = f3,1(W1,1h2,1 +wy1hyo + b1)
Vi) = h32 = f3,2 (W1,2h2,1 + wyohy 5 + bz)
usually, f31 = f3

Let’s use matrix notation, define:

h
S T T

_h3,2 /3.2 b,
W = W11 W1,2]
W1 Wpp2

then:

y=hz = f3(W"hy + b)
h; 1s the output of layer-3
W 1s the weight matrix of layer-3
b 1s the bias vector of layer-3
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Instead of using circles connected by arrows, we can use a computational graph to
represent a neural network:

X »I h’l — fl(WTx + b) H hZ — fZ(WThl + b) H 5; — h’3 — fB(WThZ + b)
[nput Hidden Layer-1 Hidden Layer-2 (Output) Layer-3




Loss Function

* Regression (MSE, MAE, MAPE, robust regression loss, etc)
* The output layer usually does not have nonlinear activation functions.
* You may use softplus if the output should be nonnegative

* Binary Classification (BCE: binary cross entropy)
* The output layer only has one unit
* The output unit has a sigmoid activation function

* Multi-class Classification (CE: cross entropy)

* The out

* The out
probabi

out layer has K output units for K classes
out layer has a softmax function to convert 'raw' outputs to

1ty/confidence distribution across the K classes



The "Modern" View of A Deep Neural Network
- A Computational Graph

* To understand DNNs and their implementations, it is necessary
to understand the concepts of Computational Graph and

S,

‘erentiation.

Automatic D1




A computation process The computation graph

h=2x
y = 3h

X h=2x——y=3h—y

It has two computing nodes

We can compute the derivative:
dy 0yoh
e — X 2 —
dx OJhox > 6




A computation process

t = 2x
h =2x
y = 3h

In "pure' Math:

y = 3t
Thus:

d

_y = 3

The computation graph (3 nodes)
X —Eh=2x =»y =3 >y
t =2x Wt

From the computation graph,

y 1s not a function of ¢, thus

Jdy . . :
a—i 1s not defined: 1t does not exist.

0

6—3; can bet set to None or 0.




The "Modern" View of A Deep Neural Network
- A Computational Graph

* The following slides are math-heavy (linear algebra and
calculus).

* If you want to do research in machine learning (e.g. developing
new algorithms), then you need to understand every equation 1n
the following slides.

* If you only use machine learning methods to make applications,
then you need to get a rough understanding of the concepts.



Review on Vector and Matrix Differentiation

*y = f(x) where x € RN and y € RM

* x and y are column vectors

* The element of oy
ox

"0y (1)

aX(l)

0y (2)
aJC(l)

9y (m)

i ax(l)

0y (1)
ax(z)
0Y(2)
ax(z)

0y (m)
ax(z)

0y (1)

OX(N)
0y (2)
6x(N)

9y (m)

aX(N)_

in 1-th row and j-th col is —] .
L]

a M-by-N Matrix

dyl _ 9y@

ox o axU)
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Review on Vector and Matrix Differentiation

*y = f(x) where x € RN and y € RM

_ 9@
- 9x()

* The element of 22 in i-th row and j j-th col 1s [ ]
0x i,j

* If y 1s a scalar (1.e. M = 1), then a 1S a Tow vector

dy | 0y 0y ﬁy]
ox |0x) Ox@ — Oxy



Review on Vector and Matrix Differentiation

. . ay .
* y1s ascalar (1.e. M = 1), then a—z 1S a row vector

ay_[ay Oy ay]

dx N a.X'(l) a.X'(z) 0x(N)

* Notation to get a column vector

dy [0y !
oxT  \ox



Derivatives of Functions

«y = Ax where x € RN and y € RM

‘AERMXN

* A does not depend on x

dy
.—:A
ox

* [f x 1s a function of a vector z, then we have the chain rule:

0y_6y6‘x_A6x
dz 0xdz 0z



Derivatives of Functions

* a = y'Ax where x € RN and y € RM

* a 1s a scalar, A 1s independent of x and y

o2 _ T
ax_y A

60(
ay

= (yTAx)— y(xTATy) =x' A"



Derivatives of Functions

* a = x" Ax where x € R" «a is a scalar, A is independent of x, and a;;
1s an element of A

. ‘;_Z = xT (AT + A) , a row vector
* proof:
a =22 AijXiX;
aa—;c = 2 QX + X Qg X;
2.j Ak jXj = x" x rowy[A] = x" X coli[A"]
oapgx; = xT X coly[A]
Thus: 2% = xT(AT + A)

ox



Chain Rule

* a = y'x where x,y € R" and « is a scalar

x and y are functions of a vector z , then

da aaay dadx .0y
dz 0y az ox 0z 0z

» @ = x"x and x is function of z, then

6(1_2 0x
0z x" 0z



Chain Rule

* o = y' Ax wherewhere x € R",y € RMand « is a scalar

x and y are functions of a vector z , then

da Jdad da 0x d dx
— y :xTAT_y_I_yTA_

9z 9y 0z 0x 0z 97 97

e o = xT Ax wherewhere x € R¥and « is a scalar

x 1s function of z , then

oa 0x
- _ T ™~
3 x(A+A)aZ



Chain Rule: a note

* x 1s a function of z
* y 1s a function of z
* a 1s a function of x and y

* You may be familiar with this "total derivative":
da dady Jdadx

— = — 4 —

dz Jdydz 0Jdxdz
* a(z), x(z) and y(z) are single variable functions, thus we can write

da _da  0x_dx  dy_dy
9z dz 9z dz 9z  dz
Ja da
-Example:a=x+y,x=zandy=Zz,thusa=32,£=E=3



Second order derivative

*y = f(x) where x € RN and y € R™, then

0’y 0
Ox0x Ox vee

It 1s a matrix of size MN X N

(

dy
0x

)




Vectorization of a Matrix: convert a matrix to a vector

e Matrix A € RMXN

* column vectorization: to convert a matrix to a column vector
coly”

cvec(4) = cqlz

C OI N -
* TOW vectorization: to convert a matrix to a row vector

rvec(4) = [row; T1TO0W, .. TOWy]

* vec(A) denotes cvec(A)



Vectorization of a Matrix: convert a matrix to a vector

<
]

* column vectorization: to convert a matrix to a column vector

cvec(W) =

* TOW vectorization: to convert a matrix to a row vector
rvec(W) = [Wi1 Wiz Wi3 Wy1 Wi, Wyg]

vec(W) denotes cvec(W)



Vector-valued Function: the output is a vector

f1(x)
y = f(x) = fzgx) where x € RY and y € RM

fm (x)



Layer a Layer b

M units N units
O O
unit-j
O O Yy
unit-i Q Q
O O
O O
O O

° w;; 18 the weight of the link connecting unit-i
in Layer a and unit-j in Layer b

* W 1s the weight matrix of Layer b: M X N

"W11q
Wo1q

W1

)
W1 le W1inN
W»1 sz W-1
W2 WM] . WyN
—

*  Column-j of W belongs to unit-j

¢ b — [bl,bz,...,

T
bi, ..., by]
b; 1s the bias of unit-]
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A neural network is a computational graph

* Alayer 1s a computation node 1n the graph
* A computation node 1s a function
* A tensor (vector/matrix) 1s mnput or output of a function

node-1

node-2

f(W"y + b)

x—fWTx+b) [y —
/N

W b

W b

node-3
~y— fWTy+b) [~y

Wi b

W 1s aleaf of the graph (it 1s not the output of a function)



A computation node is a function - PyTorch

Functions in the Autograd Graph
When viewing the autograd system as a graph, Function s are the vertices or
nodes, connected to each other via (directed) Edge s, which themselves are
represented via ( Function , input nr) pairs. Variable s are the outputs to
and inputs of "Function s, and travel between these edges during execution
of the graph. When two or more Edge s (from different sources) point at the
same input to a Function , the values produced along all of these edges are

implicitly summed prior to being forwarded to the target Function .

https://github.com/pytorch/pytorch/blob/master/torch/csrc/autograd/function.h



Backpropagation in a graph

_ T
v=W"'x+b scalar

loss
x—{fW'x+b) —~ y — L
W/\b L=(y—t)*

t 1s true label (target value)

oL 0L dy OLof _9Laf dv
oW~ dyow  ayow  dyovow

=20y =) f' (w)x"



Backpropagation in a graph

an arbitrary function loss
xF—_ fsW) —~ y — L
I
|4
oL oL  dy dL  df

dvec(W) — dy dvec(W)  dy dvec(W)



an arbitrary function

an arbitrary function

e @) ey =x —

QW)

nodes

oL oL  of

oL

of

dvec(W) — 8y dvec(W)  dx dvec(W)

oL 0L Of
dx 0y ox

oL\ ([ of \ [oL\
(0vec(W)> B (8vec(W)> (5)

loss

many _

nodes v




an arbitrary function an arbitrary function loss

man man
Y~ few) =y =x —{ feew) oy = x R

nodes nodes v

Backpropagation:

oL \' of oL
(6vec(W)> (0vec(W)> ( )

oL 9Lof 9L OL OLOf
dx dydx 9y 0dx 0yox




an arbitrary function an arbitrary function loss

many __ _ ) . . .. _ . many
nodes __1 G W) I— Y= G W) © T T hodes L
loss
OL/dx — 1 k— OL/0x ~— | — OL/dx~ ‘Iﬁ)a(?eys —0dL/dy
dvec(W) dvec(W)
oL 0L 9df 9L _ OLOf The computational graph for

dvec(W)  dx dvec(W)’ dx  dx dx backpropagation




In general, x and y could be high-dimensional tensors.
We can apply the same analysis by vectorizing every tensor

an arbitrary function

—x— fesw) F— y —

dL oL dvec(f)
dvec(W)  dvec(y) 8 dvec(W)

oL OdL dvec(f)
dvec(x)  dvec(y) 8 dvec(x)




Forward and Backward inside a Node (Function)

y=fxW)

forward y —

Node

backward 0L/0y

In the two equations, we assume x, y and w
oL have been vectorized.

P OL _ 0L dy _ OL df
dx _ay 0x _ayax

oL oL 0y 9L Of
oW 9y oW 9y oW

https://pytorch.org/docs/master/notes/extending.html



Forward and Backward of two connected nodes

w

connect the two nodes

forward y —Y=2X —x forward

Node Node

connect the two nodes

backward dL/0y+— < 0dL/0x backward
0L/0y < 0L/0x

oL
oW

https://pytorch.org/docs/master/notes/extending.html



PyTorch has implemented the Forward and
Backward methods for many functions

* Every 'normal' function that you can think of, has been implemented.
* We can define a complex function using many simple functions

* We define a chain of functions as a layer of a network

* We need to design network structure and/or loss function

* Automatic differentiation: we do not need to calculate the derivatives

(backward pass) by hand



A computational graph is a Directed Acyclic Graph (DAG)
directed: each edge has a direction
acyclic: no cycles

<




a computation node could be a neural network

a network

~x = f@W) [y

W denotes a list of parameters (tensors) of the network

In other words, we can build a network of networks



PyTorch can automatically calculate the derivatives

1 import torch the graph with two
computation nodes

1 X1 = torch.rand((2,3), requires_grad=True)
2 x2 = torch.rand((2,3), requires_grad=True) 1 X2
3 y = torch.sum(x1*x2) <\\\\\\\“////,;
2 B8 1, & I
x1 * x2
tensor([[©.1161, ©.1989, ©.2589], l
[0.3380, ©.1101, ©.2910]], requires_grad=True)
Z
1 | X2 l
tensor([[©.3296, ©.7152, ©.5111], sum(z)
[©0.4479, ©.1195, ©.6649]], requires_grad=True)

1|y y

tensor(0.6708, grad_fn=<SumBackwarde>)



PyTorch can automatically calculate the derivatives

y must be a scalar the graph with two

1 y.backward() computation nodes
x1 X2
1 xl.grad # dy/dx1 ‘\\\\\“///,
tensor([[©.3296, ©.7152, ©.5111], x1 * x2
[0.4479, ©.1195, 0©.6649]]) l
1 x2.grad # dy/dx2 z
'
tensor([[©.1161, ©.1989, ©.2589], sum(z)
[©.3380, ©.1101, ©.2910]]) l




We can not run this line multiple times

y.backward( )

set retain_graph=True
if you want to run this line multiple times

y.backward(retain_graph=True)

the graph with two
computation nodes

x1 X2
\\\\\\*x////
x1 * x2
;
Z
|
sum(z)




S5 W N

the graph with two
computation nodes

import torch
x1 X2

x1 = torch.rand((2,3), requires_grad=True) <\\‘\\\“,/’/’

x2 = torch.rand((2,3), requires_grad=True) x1 * x2
Z = X1%*x2
y = torch.sum(z) l
Z
z.backward() # error l
sum(z)




the graph with two

1 dy_dz=torch.ones((2,3)) computation nodes
1  z.backward(gradient=dy _dz) x1 X2
1 | x2
x1 * x2
tensor([[©.5142, ©.8137, ©.7438], l
[©.1581, ©.6234, ©.1528]], requires_grad=True)
Z
1 xil.grad # dy/dx1 or dz/dx1 ? |
tensor([[©.5142, ©.8137, ©.7438], sum(z)
[©.1581, ©.6234, ©.1528]]) l




the graph with two

dy dy dz computation nodes
dx1 dZ dx1 x1 X2
1 z.backward(gradient=dy_dz) \/
x1 * x2
dy l
Then, we get —— z
dxq
|
x1.grad sum(z)
tensor([[©.5142, ©.8137, ©.7438], l

[0.1581, ©.6234, ©.1528]])



A computation process The computation graph (3 nodes)

;:Zx x_Eh=ZX"y=3h—>y
= 3h
Y t=2x Wt

From the computation graph,

y 1s not affected by t, thus
Y = 3t dy :
Thus: ~ does not exist
B_y — 3 % is None in Pytorch

ot ot



1 import torch

1 x = torch.rand((1,), requires_grad=True)

2 h=2%x

3  t=2%x

4 y=3%*h

1 dy dx=torch.autograd.grad(y,x, retain_graph=True)
2 dy _dx

(tensor([6.]),)

1 dy dt=torch.autograd.grad(y,t, retain_graph=True, allow unused=True)
2 dy dt

(None, )



Computational Graphs in PyTorch

forward

>

4 Derivative Derivative

@\\ Mult Log
<

backward

https://pytorch.org/blog/overview-of-pytorch-autograd-engine/
https://pytorch.org/blog/computational-graphs-constructed-in-pytorch/
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