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We have learned those Models 
for classification and regression

• Linear Models can only describe linear relationship between input x and output y
• Classifiers: Logistic regression classifier, Linear SVM

• Regressors: Linear regression model, Linear SVR

• Bayes Models to describe nonlinear relationship
• not easy to get class PDF 

• GMM may not work for your data

• Trees and Forests to describe nonlinear relationship
• good for tabular data

• not so good for image data, voice data, and text data

• We could use feature transform 𝜙(𝑥) to model nonlinear relationship.
• Polynomial features: 𝑥 ⇒ 𝑥, 𝑥2, 𝑥3, …

Not easy to find a good feature transform

• Kernel trick in SVM/SVR (implicit feature transform)

Not easy to find a good kernel function



A Neural Network is a nonlinear model if the 
activation functions are nonlinear

This network is also called

Multi-Layer Perceptron

(MLP)



A Multi-layer (≥1 hidden layer) Neural Network is a 
Universal Function Approximator

• Universal Approximation Theorem

• Every bounded continuous function can be approximated with 
arbitrary small error, by a network with one hidden layer

• Activation functions need to be locally bounded and piecewise 
continuous 

• Deep network vs shallow network

A continuous function can be approximated by a deep network or a 
shallow network. The deep network usually uses less number of units.



Training a Neural Network using Gradient Descent:
Forward Pass, Backward Pass, Parameter Update

• Forward Pass to perform inference

   compute the output of each unit/layer

• Backward Pass to perform learning

   compute the derivatives of the loss

   

• Parameter Update to adjust the parameters using derivatives

Update:   𝑤 ← 𝑤 − 𝜂
𝜕𝐿

𝜕𝑊

                                𝜂 is called learning rate
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In general, 

a neural network (MLP) 

could have many hidden 

layers, and the output could 

be a vector.



𝜕𝐿

𝜕𝑤𝑖𝑗
=

𝜕𝐿

𝜕𝑦(𝑗)

𝜕𝑦(𝑗)

𝜕𝑤𝑖𝑗

Layer_a Layer_b

• 𝑤𝑖𝑗 is the weight of the link connecting 

unit-𝑖 in layer_a and unit-𝑗 in layer_b

• 𝑥(𝑖) is the output of the unit-𝑖 in layer_a 

• 𝑦(𝑗) is the output of the unit-𝑗 in layer_b

• 𝑓𝑗 is the activation function of the unit-𝑗

• 𝑦(𝑗) = 𝑓𝑗 𝑣𝑗  and 𝑣𝑗 = σ𝑖 𝑤𝑖𝑗𝑥(𝑖) + 𝑏𝑗 

• L is the lossunit-𝑖 

unit-𝑗 
𝑦(𝑗)

𝜕𝑦(𝑗)

𝜕𝑤𝑖𝑗
=

𝜕𝑓𝑗

𝜕𝑣𝑗

𝜕𝑣𝑗

𝜕𝑤𝑖𝑗

𝜕𝑣𝑗

𝜕𝑤𝑖𝑗
= 𝑥(𝑖)How to get 

𝜕𝐿

𝜕𝑦(𝑗)
 ?



Layer_b Layer_c

• 𝑤𝑗𝑘 is the weight of the link connecting 

unit-𝑗 in layer_b and unit-𝑘 in layer_c

• 𝑦(𝑗) is the output of the unit-𝑗 in layer_b

• 𝑦(𝑘) is the output of the unit-𝑘 in layer_c

• 𝑓𝑘 is the activation function of the unit-𝑘
• 𝑦(𝑘) = 𝑓𝑘 𝑢𝑘  and 𝑢𝑘 = σ𝑗 𝑤𝑗𝑘𝑦(𝑗) + 𝑏𝑘

unit-𝑗 

unit-𝑘 

𝑦(𝑘)

𝜕𝐿

𝜕𝑦(𝑗)
= ෍

𝑘=1

𝐾
𝜕𝐿

𝜕𝑦(𝑘)

𝜕𝑦(𝑘)

𝜕𝑦(𝑗)

𝑦(𝑗)

𝜕𝑦(𝑘)

𝜕𝑦(𝑗)
=

𝜕𝑓𝑘

𝜕𝑢𝑘

𝜕𝑢𝑘

𝜕𝑦(𝑗)

𝜕𝑢𝑘

𝜕𝑦(𝑗)
= 𝑤𝑗𝑘

To get  
𝜕𝐿

𝜕𝑦(𝑘)

we check the next layer_d



Layer_a Layer_b

unit-𝑖 

unit-𝑗 

Layer_c

unit-𝑘 
𝑦(𝑘)

𝜕𝐿

𝜕𝑤𝑖𝑗

𝜕𝐿

𝜕𝑦(𝑗)

𝜕𝐿

𝜕𝑦(𝑘)

back- propagation:

we can write a program to 

calculate the derivatives, starting 

from the last layer

𝑦(𝑗)

(every k)



The "Modern" View of A Deep Neural Network
- A Computational Graph



ℎ1,1

ℎ1,2

ℎ1,3

ℎ2,1

ℎ2,2

ℎ3,1

𝑥 =
𝑥(1)

𝑥(2)

Input

ො𝑦

Output

𝑤𝑖,𝑗 is the weight of the link connecting unit-i in layer-0 and unit-j in layer-1

𝑤𝑖,𝑗 is the weight of the link connecting unit-i in layer-1 and unit-j in layer-2

𝑤𝑖,𝑗 is the weight of the link connecting unit-i in layer-2 and unit-j in layer-3

Layer-1

Layer-2 Layer-3

Layer-0

HiddenHidden

ℎ3,2

ො𝑦(1)

ො𝑦(2)



ℎ1,1

ℎ1,2

ℎ1,3

𝑥 =
𝑥(1)

𝑥(2)

Input

Layer-1

Layer-0

Hidden ℎ1,1 is the output of the first unit

𝑓1,1 is the activation function

𝑏1 is the bias

ℎ1,1 = 𝑓1,1 𝑤1,1𝑥(1) + 𝑤2,1𝑥(2) + 𝑏1

ℎ1,2 is the output of the second unit

𝑓1,2 is the activation function

𝑏2 is the bias

ℎ1,2 = 𝑓1,2 𝑤1,2𝑥(1) + 𝑤2,2𝑥(2) + 𝑏2

ℎ1,3 is the output of the third unit

𝑓1,3 is the activation function

𝑏3 is the bias

ℎ1,3 = 𝑓1,3 𝑤1,3𝑥(1) + 𝑤2,3𝑥(2) + 𝑏3



ℎ1,1

ℎ1,2

ℎ1,3

𝑥 =
𝑥(1)

𝑥(2)

Input

Layer-1

Layer-0

Hidden ℎ1,1 = 𝑓1,1 𝑤1,1𝑥(1) + 𝑤2,1𝑥(2) + 𝑏1

ℎ1,2 = 𝑓1,2 𝑤1,2𝑥(1) + 𝑤2,2𝑥(2) + 𝑏2

ℎ1,3 = 𝑓1,3 𝑤1,3𝑥(1) + 𝑤2,3𝑥(2) + 𝑏3

usually, 𝑓1,1 = 𝑓1,2 = 𝑓1,3

Let’s use matrix notation, define:

ℎ1 =

ℎ1,1

ℎ1,2

ℎ1,3

,   𝑓1 =

𝑓1,1

𝑓1,2

𝑓1,3

, 𝑏 =

𝑏1

𝑏2

𝑏3

𝑊 =
𝑤1,1 𝑤1,2 𝑤1,3

𝑤2,1 𝑤2,2 𝑤2,3

then:

ℎ1 = 𝑓1 𝑊𝑇𝑥 + 𝑏
ℎ1 is the output of layer-1

𝑊 is the weight matrix of layer-1

𝑏 is the bias vector of layer-1



ℎ1,1

ℎ1,2

ℎ1,3

ℎ2,1

ℎ2,2

Layer-1

Layer-2

Hidden ℎ2,1 = 𝑓2,1 𝑤1,1ℎ1,1 + 𝑤2,1ℎ1,2 + 𝑤3,1ℎ1,3 + 𝑏1

ℎ2,2 = 𝑓2,2 𝑤1,2ℎ1,1 + 𝑤2,2ℎ1,2 + 𝑤3,2ℎ1,3 + 𝑏2

usually, 𝑓2,1 = 𝑓2,2

Let’s use matrix notation, define:

ℎ2 =
ℎ2,1

ℎ2,2
,   𝑓2 =

𝑓2,1

𝑓2,2
, 𝑏 =

𝑏1

𝑏2

𝑊 =

𝑤1,1 𝑤1,2

𝑤2,1 𝑤2,2

𝑤3,1 𝑤3,2

then:

ℎ2 = 𝑓2 𝑊𝑇ℎ1 + 𝑏
ℎ2 is the output of layer-2

𝑊 is the weight matrix of layer-2

𝑏 is the bias vector of layer-2



ℎ2,1

ℎ2,2

ℎ3,1

ො𝑦

Output

Layer-2
Layer-3

ℎ3,2

ො𝑦(1)

ො𝑦(2)

ො𝑦(1) = ℎ3,1 = 𝑓3,1 𝑤1,1ℎ2,1 + 𝑤2,1ℎ2,2 + 𝑏1

ො𝑦(2) = ℎ3,2 = 𝑓3,2 𝑤1,2ℎ2,1 + 𝑤2,2ℎ2,2 + 𝑏2

usually, 𝑓3,1 = 𝑓3,2

𝑤1,1

Let’s use matrix notation, define:

ℎ3 =
ℎ3,1

ℎ3,2
,   𝑓3 =

𝑓3,1

𝑓3,2
, 𝑏 =

𝑏1

𝑏2

𝑊 =
𝑤1,1 𝑤1,2

𝑤2,1 𝑤2,2

then:

ො𝑦 = ℎ3 = 𝑓3 𝑊𝑇ℎ2 + 𝑏
ℎ3 is the output of layer-3

𝑊 is the weight matrix of layer-3

𝑏 is the bias vector of layer-3



ℎ1 = 𝑓1 𝑊𝑇𝑥 + 𝑏 ℎ2 = 𝑓2 𝑊𝑇ℎ1 + 𝑏 ො𝑦 = ℎ3 = 𝑓3 𝑊𝑇ℎ2 + 𝑏

Instead of using circles connected by arrows, we can use a computational graph to 

represent a neural network:

𝑥

Hidden Layer-1 Hidden Layer-2 (Output) Layer-3Input



Loss Function

• Regression (MSE, MAE, MAPE, robust regression loss, etc)

• The output layer usually does not have nonlinear activation functions.

• You may use softplus if the output should be nonnegative

• Binary Classification (BCE: binary cross entropy)

• The output layer only has one unit

• The output unit has a sigmoid activation function

• Multi-class Classification (CE: cross entropy)

• The output layer has K output units for K classes

• The output layer has a softmax function to convert 'raw' outputs to 
probability/confidence distribution across the K classes



The "Modern" View of A Deep Neural Network
- A Computational Graph

• To understand DNNs and their implementations, it is necessary 

to understand the concepts of Computational Graph and 

Automatic Differentiation.



ℎ = 2𝑥
𝑦 = 3ℎ

A computation process The computation graph

𝑥 𝑦 = 3ℎ 𝑦ℎ = 2𝑥

It has two computing nodes

We can compute the derivative:
𝜕𝑦

𝜕𝑥
=

𝜕𝑦

𝜕ℎ

𝜕ℎ

𝜕𝑥
= 3 × 2 = 6



𝑡 = 2𝑥
ℎ = 2𝑥
𝑦 = 3ℎ

A computation process The computation graph (3 nodes)

𝑥 𝑦 = 3ℎ 𝑦ℎ = 2𝑥

In 'pure' Math:

𝑦 = 3𝑡
Thus:

𝜕𝑦

𝜕𝑡
= 3

From the computation graph,

𝑦 is not a function of 𝑡, thus
𝜕𝑦

𝜕𝑡
  is not defined: it does not exist.

𝜕𝑦

𝜕𝑡
 can bet set to None or 0.

𝑡 = 2𝑥 𝑡



The "Modern" View of A Deep Neural Network
- A Computational Graph

• The following slides are math-heavy (linear algebra and 

calculus).

• If you want to do research in machine learning (e.g. developing 

new algorithms), then you need to understand every equation in 

the following slides.

• If you only use machine learning methods to make applications, 

then you need to get a rough understanding of the concepts.



Review on Vector and Matrix Differentiation

• 𝑦 = 𝑓(𝑥) where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀

• 𝑥 and 𝑦 are column vectors

𝜕𝑦

𝜕𝑥
=

𝜕𝑦(1)

𝜕𝑥(1)

𝜕𝑦(1)

𝜕𝑥(2)
…

𝜕𝑦(1)

𝜕𝑥(𝑁)

𝜕𝑦(2)

𝜕𝑥(1)

𝜕𝑦(2)

𝜕𝑥(2)
…

𝜕𝑦(2)

𝜕𝑥(𝑁)

⋮ ⋮ ⋮ ⋮
𝜕𝑦(𝑀)

𝜕𝑥(1)

𝜕𝑦(𝑀)

𝜕𝑥(2)
…

𝜕𝑦(𝑀)

𝜕𝑥(𝑁)

 a 𝑀-by-𝑁 Matrix

• The element of 
𝜕𝑦

𝜕𝑥
 in i-th row and j-th col is 

𝜕𝑦

𝜕𝑥 𝑖,𝑗
=

𝜕𝑦(𝑖)

𝜕𝑥(𝑗)



Review on Vector and Matrix Differentiation

• 𝑦 = 𝑓(𝑥) where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀

• The element of 
𝜕𝑦

𝜕𝑥
 in i-th row and j-th col is 

𝜕𝑦

𝜕𝑥 𝑖,𝑗
=

𝜕𝑦(𝑖)

𝜕𝑥(𝑗)

• If 𝑦 is a scalar (i.e. 𝑀 = 1), then  
𝜕𝑦

𝜕𝑥
 is a row vector

𝜕𝑦

𝜕𝑥
=

𝜕𝑦

𝜕𝑥(1)

𝜕𝑦

𝜕𝑥(2)
…

𝜕𝑦

𝜕𝑥(𝑁)



Review on Vector and Matrix Differentiation

• 𝑦 is a scalar (i.e. 𝑀 = 1), then  
𝜕𝑦

𝜕𝑥
 is a row vector

𝜕𝑦

𝜕𝑥
=

𝜕𝑦

𝜕𝑥(1)

𝜕𝑦

𝜕𝑥(2)
…

𝜕𝑦

𝜕𝑥(𝑁)

• Notation to get a column vector 

𝜕𝑦

𝜕𝑥𝑇
=

𝜕𝑦

𝜕𝑥

𝑇



Derivatives of Functions

• 𝑦 = 𝐴𝑥 where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀

• 𝐴 ∈ 𝑅𝑀×𝑁

• 𝐴 does not depend on 𝑥

•
𝜕𝑦

𝜕𝑥
= 𝐴

• If 𝑥 is a function of a vector 𝑧, then we have the chain rule:

𝜕𝑦

𝜕𝑧
=

𝜕𝑦

𝜕𝑥

𝜕𝑥

𝜕𝑧
= 𝐴

𝜕𝑥

𝜕𝑧



Derivatives of Functions

• 𝛼 = 𝑦𝑇𝐴𝑥 where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀

• 𝛼 is a scalar, 𝐴 is independent of 𝑥 and 𝑦

•
𝜕𝛼

𝜕𝑥
= 𝑦𝑇𝐴

•
𝜕𝛼

𝜕𝑦
=

𝜕

𝜕𝑦
𝑦𝑇𝐴𝑥  =

𝜕

𝜕𝑦
𝑥𝑇𝐴𝑇𝑦 = 𝑥𝑇𝐴𝑇



Derivatives of Functions

• 𝛼 = 𝑥𝑇𝐴𝑥 where 𝑥 ∈ 𝑅𝑁 𝛼 is a scalar, 𝐴 is independent of 𝑥, and 𝑎𝑖𝑗 

is an element of 𝐴

•
𝜕𝛼

𝜕𝑥
= 𝑥𝑇 𝐴𝑇 + 𝐴  , a row vector

• proof:

              𝛼 = σ𝑗 σ𝑖 𝑎𝑖𝑗𝑥𝑖𝑥𝑗

𝜕𝛼

𝜕𝑥𝑘
= σ𝑗 𝑎𝑘𝑗𝑥𝑗 + σ𝑖 𝑎𝑖𝑘𝑥𝑖

                       σ𝑗 𝑎𝑘𝑗𝑥𝑗 = 𝑥𝑇 × 𝑟𝑜𝑤𝑘[𝐴] = 𝑥𝑇 × 𝑐𝑜𝑙𝑘[𝐴𝑇]

                        σ𝑖 𝑎𝑖𝑘𝑥𝑖 = 𝑥𝑇 × 𝑐𝑜𝑙𝑘[𝐴]

 Thus: 
𝜕𝛼

𝜕𝑥
= 𝑥𝑇 𝐴𝑇 + 𝐴



Chain Rule

• 𝛼 = 𝑦𝑇𝑥 where 𝑥, 𝑦 ∈ 𝑅𝑁 and 𝛼 is a scalar

  𝑥 and 𝑦 are functions of a vector 𝑧 , then

𝜕𝛼

𝜕𝑧
=

𝜕𝛼

𝜕𝑦

𝜕𝑦

𝜕𝑧
+

𝜕𝛼

𝜕𝑥

𝜕𝑥

𝜕𝑧
= 𝑥𝑇

𝜕𝑦

𝜕𝑧
+ 𝑦𝑇

𝜕𝑥

𝜕𝑧

• 𝛼 = 𝑥𝑇𝑥 and 𝑥 is function of 𝑧, then 

𝜕𝛼

𝜕𝑧
= 2𝑥𝑇

𝜕𝑥

𝜕𝑧



Chain Rule

• 𝛼 = 𝑦𝑇𝐴𝑥 wherewhere 𝑥 ∈ 𝑅𝑁, 𝑦 ∈ 𝑅𝑀and 𝛼 is a scalar

   𝑥 and 𝑦 are functions of a vector 𝑧 , then

𝜕𝛼

𝜕𝑧
=

𝜕𝛼

𝜕𝑦

𝜕𝑦

𝜕𝑧
+

𝜕𝛼

𝜕𝑥

𝜕𝑥

𝜕𝑧
= 𝑥𝑇𝐴𝑇

𝜕𝑦

𝜕𝑧
+ 𝑦𝑇𝐴

𝜕𝑥

𝜕𝑧

• 𝛼 = 𝑥𝑇𝐴𝑥 wherewhere 𝑥 ∈ 𝑅𝑁and 𝛼 is a scalar

   𝑥 is function of 𝑧 , then
𝜕𝛼

𝜕𝑧
= 𝑥𝑇 𝐴 + 𝐴𝑇

𝜕𝑥

𝜕𝑧



Chain Rule: a note

• 𝑥 is a function of 𝑧

• 𝑦 is a function of 𝑧

• 𝛼 is a function of 𝑥 and 𝑦 

• You may be familiar with this "total derivative":
𝑑𝛼

𝑑𝑧
=

𝜕𝛼

𝜕𝑦

𝑑𝑦

𝑑𝑧
+

𝜕𝛼

𝜕𝑥

𝑑𝑥

𝑑𝑧

• 𝛼(𝑧), 𝑥(𝑧) and 𝑦(𝑧) are single variable functions, thus we can write

𝜕𝛼

𝜕𝑧
=

𝑑𝛼

𝑑𝑧

𝜕𝑥

𝜕𝑧
=

𝑑𝑥

𝑑𝑧

𝜕𝑦

𝜕𝑧
=

𝑑𝑦

𝑑𝑧

• Example: 𝛼 = 𝑥 + 𝑦, 𝑥 = 𝑧 and y = 2𝑧, thus 𝛼 = 3𝑧, 
𝜕𝛼

𝜕𝑧
=

𝑑𝛼

𝑑𝑧
= 3 



Second order derivative 

• 𝑦 = 𝑓(𝑥) where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀, then

𝜕2𝑦

𝜕𝑥𝜕𝑥
=

𝜕

𝜕𝑥
𝑣𝑒𝑐

𝜕𝑦

𝜕𝑥

𝑇

   It is a matrix of size 𝑀𝑁 × 𝑁



Vectorization of a Matrix: convert a matrix to a vector

• Matrix 𝐴 ∈ 𝑅𝑀×𝑁

• column vectorization: to convert a matrix to a column vector

   𝑐𝑣𝑒𝑐 𝐴 =

𝑐𝑜𝑙1

𝑐𝑜𝑙2

⋮
𝑐𝑜𝑙𝑁

• row vectorization: to convert a matrix to a row vector

   𝑟𝑣𝑒𝑐 𝐴 = 𝑟𝑜𝑤1 𝑟𝑜𝑤2 … 𝑟𝑜𝑤𝑀

• 𝑣𝑒𝑐 𝐴  denotes 𝑐𝑣𝑒𝑐 𝐴



Vectorization of a Matrix: convert a matrix to a vector

• 𝑊 =
𝑤1,1 𝑤1,2 𝑤1,3

𝑤2,1 𝑤2,2 𝑤2,3

• column vectorization: to convert a matrix to a column vector

   𝑐𝑣𝑒𝑐 𝑊 =

𝑤1,1

𝑤2,1

𝑤1,2

𝑤2,2

𝑤1,3

𝑤2,3

• row vectorization: to convert a matrix to a row vector

   𝑟𝑣𝑒𝑐 𝑊 = 𝑤1,1 𝑤1,2 𝑤1,3 𝑤2,1 𝑤2,2 𝑤2,3

• 𝑣𝑒𝑐 𝑊  denotes 𝑐𝑣𝑒𝑐 𝑊



Vector-valued Function: the output is a vector

𝑦 = 𝑓 𝑥 =

𝑓1(𝑥)
𝑓2(𝑥)

⋮
𝑓𝑀(𝑥)

where 𝑥 ∈ 𝑅𝑁 and 𝑦 ∈ 𝑅𝑀



Layer_a

M units
Layer_b

N units • 𝑤𝑖𝑗 is the weight of the link connecting unit-𝑖 

in Layer_a and unit-𝑗 in Layer_b

• 𝑊 is the weight matrix of Layer_b: 𝑀 × 𝑁

𝑊 =

𝑤11 𝑤12 … 𝑤1𝑗 … 𝑤1𝑁

𝑤21 𝑤21 … 𝑤2𝑗 … 𝑤21

⋮ ⋮ ⋮ ⋮ ⋮ ⋮
𝑤𝑀1 𝑤𝑀2 … 𝑤𝑀𝑗 … 𝑤𝑀𝑁

• Column-j of 𝑊 belongs to unit-j

• 𝑏 = 𝑏1, 𝑏2, … , 𝑏𝑗 , … , 𝑏𝑁
𝑇

                                 𝑏𝑗 is the bias of unit-j

unit-𝑖 

unit-𝑗 

𝑦(𝑗)



𝑥 𝑓(𝑊𝑇𝑥 + 𝑏)

1st hidden layer

𝑓(𝑊𝑇𝑦 + 𝑏)

2nd hidden layer

𝑦 𝑓(𝑊𝑇𝑦 + 𝑏)

output layer

𝑦 𝑦



A neural network is a computational graph

• A layer is a computation node in the graph

• A computation node is a function

• A tensor (vector/matrix) is input or output of a function

𝑥 𝑓(𝑊𝑇𝑥 + 𝑏) 𝑓(𝑊𝑇𝑦 + 𝑏)𝑦 𝑓(𝑊𝑇𝑦 + 𝑏)𝑦 𝑦

𝑊 𝑏 𝑊 𝑏 𝑊 𝑏

𝑊 is a leaf of the graph (it is not the output of a function)

node-1 node-2 node-3



A computation node is a function  - PyTorch

https://github.com/pytorch/pytorch/blob/master/torch/csrc/autograd/function.h



Backpropagation in a graph

𝑥 𝑓(𝑊𝑇𝑥 + 𝑏) 𝑦

𝑊 𝑏

𝐿

loss

𝜕𝐿

𝜕𝑊
=

𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕𝑊
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑊

𝑣 = 𝑊𝑇𝑥 + 𝑏

𝐿 = 𝑦 − 𝑡 2

𝑡 is true label (target value)

scalar

=
𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑣

𝜕𝑣

𝜕𝑊
= 2 𝑦 − 𝑡 𝑓′(𝑣)𝑥𝑇



𝑥 𝑓(𝑥; 𝑊) 𝑦

𝑊

𝐿

loss

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊)
=

𝜕𝐿

𝜕𝑦

𝜕𝑦

𝜕𝑣𝑒𝑐(𝑊)
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊)

an arbitrary function

Backpropagation in a graph



𝑥 𝑓(𝑥; 𝑊) 𝑓(𝑥; 𝑊)𝑦 = 𝑥 𝑦 = 𝑥 𝐿

loss
many 

nodes

many 

nodes

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊) 
=

𝜕𝐿

𝜕𝑥

𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊) 

𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑥

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 

𝑇

=
𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊) 

𝑇
𝜕𝐿

𝜕𝑥

𝑇

an arbitrary function an arbitrary function

𝑦



𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑥

Backpropagation:

𝑥 𝑓(𝑥; 𝑊) 𝑓(𝑥; 𝑊)𝑦 = 𝑥 𝑦 = 𝑥 𝐿

loss
many 

nodes

many 

nodes

an arbitrary function an arbitrary function

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 

𝑇

=
𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊) 

𝑇
𝜕𝐿

𝜕𝑥

𝑇

𝜕𝐿

𝜕𝑦
=

𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑥

𝑦



𝑥 𝑓(𝑥; 𝑊) 𝑓(𝑥; 𝑊)𝑦 = 𝑥 𝑦 = 𝑥 𝐿

loss
many 

nodes

many 

nodes

an arbitrary function an arbitrary function

Τ𝜕𝐿 𝜕𝑥 Τ𝜕𝐿 𝜕𝑥 Τ𝜕𝐿 𝜕𝑦

loss
many 

nodes

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 
=

𝜕𝐿

𝜕𝑥

𝜕𝑓

𝜕𝑣𝑒𝑐(𝑊) 
, 

𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑥

𝜕𝑓

𝜕𝑥

Τ𝜕𝐿 𝜕𝑥

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 
𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 

The computational graph for

backpropagation

𝑦



𝜕𝐿

𝜕𝑣𝑒𝑐(𝑊) 
=

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑦)
×

𝜕𝑣𝑒𝑐(𝑓)

𝜕𝑣𝑒𝑐(𝑊) 

𝑥 𝑓(𝑥; 𝑊) 𝑦

an arbitrary function

In general, 𝑥 and 𝑦 could be high-dimensional tensors. 

We can apply the same analysis by vectorizing every tensor

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑥) 
=

𝜕𝐿

𝜕𝑣𝑒𝑐(𝑦)
×

𝜕𝑣𝑒𝑐(𝑓)

𝜕𝑣𝑒𝑐(𝑥) 



Forward and Backward inside a Node (Function)

𝑥 forward 𝑦

Τ𝜕𝐿 𝜕𝑦Τ𝜕𝐿 𝜕𝑥

𝜕𝐿

𝜕𝑊 

𝑊

https://pytorch.org/docs/master/notes/extending.html

Node

backward

𝑦 = 𝑓(𝑥; 𝑊)

𝜕𝐿

𝜕𝑊 =
𝜕𝐿

𝜕𝑦 
𝜕𝑦

𝜕𝑊 =
𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑊 

𝜕𝐿

𝜕𝑥 =
𝜕𝐿

𝜕𝑦 
𝜕𝑦

𝜕𝑥 =
𝜕𝐿

𝜕𝑦

𝜕𝑓

𝜕𝑥 

In the two equations, we assume 𝑥, 𝑦 and 𝑤 

have been vectorized.



Forward and Backward of two connected nodes

𝑥 forward 𝑦

Τ𝜕𝐿 𝜕𝑦Τ𝜕𝐿 𝜕𝑥

𝜕𝐿

𝜕𝑊 

𝑊

https://pytorch.org/docs/master/notes/extending.html

Node

backward

𝑥 forward 𝑦

Τ𝜕𝐿 𝜕𝑦Τ𝜕𝐿 𝜕𝑥

𝜕𝐿

𝜕𝑊 

𝑊

Node

backward

connect the two nodes

𝑦 ⇒ 𝑥

Τ𝜕𝐿 𝜕𝑦 ⇐ Τ𝜕𝐿 𝜕𝑥

connect the two nodes



PyTorch has implemented the Forward and 
Backward methods for many functions 

• Every 'normal' function that you can think of, has been implemented.

• We can define a complex function using many simple functions

• We define a chain of functions as a layer of a network

• We need to design network structure and/or loss function

• Automatic differentiation: we do not need to calculate the derivatives 

(backward pass) by hand



A computational graph is a Directed Acyclic Graph (DAG)

directed: each edge has a direction 

acyclic: no cycles



a computation node could be a neural network

𝑥 𝑓(𝑥; 𝑊) 𝑦

𝑊 denotes a list of parameters (tensors) of the network

In other words, we can build a network of networks

a network



PyTorch can automatically calculate the derivatives

the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦



PyTorch can automatically calculate the derivatives

the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦

y must be a scalar



We can not run this line multiple times
the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦

set retain_graph=True

if you want to run this line multiple times



the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦



the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦

#  dy/dx1  or dz/dx1 ?



the graph with two 

computation nodes

𝑥1 ∗ 𝑥2

𝑠𝑢𝑚(𝑧)

𝑥1 𝑥2

𝑧

𝑦

𝑑𝑦

𝑑𝑥1
=

𝑑𝑦

𝑑𝑧

𝑑𝑧

𝑑𝑥1

𝑑𝑦

𝑑𝑥1
Then, we get



𝑡 = 2𝑥
ℎ = 2𝑥
𝑦 = 3ℎ

A computation process The computation graph (3 nodes)

𝑥 𝑦 = 3ℎ 𝑦ℎ = 2𝑥

In 'pure' Math:

𝑦 = 3𝑡
Thus:

𝜕𝑦

𝜕𝑡
= 3

From the computation graph,

𝑦 is not affected by 𝑡, thus
𝜕𝑦

𝜕𝑡
 does not exist

𝜕𝑦

𝜕𝑡
 is None in Pytorch

𝑡 = 2𝑥 𝑡





Computational Graphs in PyTorch

https://pytorch.org/blog/overview-of-pytorch-autograd-engine/
https://pytorch.org/blog/computational-graphs-constructed-in-pytorch/
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