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Abstract

This paper presents paralle!l algorithms for fuzzy arithmetic operations on systolic arrays. A large part of the
arithmetic on fuzzy numbers is referred to as fuzzy convolutions, which take O(n?) time steps when
implemented sequentially. In this paper, we present two parallel algorithms. The first algorithm runs on a
linear array machine in O(n) time, using O(n) processors, and thus, achieving optimal time and cost. The
second algorithm runs on a mesh-of-trees type of computer architecture in L(log n) time steps, using O(n?)
processors. The latter, although not optimal achieved high speedup. Both can be adapted to handle larger
linear fuzzy numbers of fuzzy numbers with higher dimension.

Keywords. Systolic arrays; fuzzy arithmetic; linear array of processors; mesh-of-trees of processors; speed-up
analysis.

1. Introduction to fuzzy numbers

The notion of fuzzy numbers relies on what is known as the fuzzy theory. The original
concept, developed in the mid-'60s by Lotfi Zadeh, a professor of computer science at the
University of California, Berkeley, is that things in the real world do not fall into the neat,
crisp categories defined by the traditional set theory.

This mathematics turns out to be very useful for controlling robots, machine tools and
various electronic systems. A conventional air conditioner, for example, recognizes only two
basic states: too hot or too cold. A fuzzy air conditioner, by contrast, would recognize that
some room temperatures are closer to the human comfort zone than others. Its cooling system
would begin to slow down gradually as the room temperature approached the desired setting.
The result, a very comfortable room and a small electric bill.

Another way of putting fuzzy numbers into practice was established by AT&T Bell
Laboratories, where researchers put an entire expert system on a computer chip and gave it a
considerably faster speed than that of conventional expert systems [7]. While many re-
searchers in the Al community have doubted that fuzzy logic (a logic system based on fuzzy
variables instead of Boolean variables) actually makes a difference in practice, the AT&T
chip seems to show fuzzy logic’s power. It would be difficult, if not impossible for a more
conventional expert system with many rules, a large memory and processor requirements to be
squeezed onto a chip. Fuzzy logic is also currently used in designing automatic automobile
transmission and anti-skid brake systems [8]. The idea is to make the transmission shift the
way a person would when she or he subconsciously weighs different factors. The new
transmission is controlled by a microprocessor that assigns values to about half a dozen
variables, including the car’s speed, the rate of acceleration, and the rate of change in opening
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the throttle. Each value is then given a weight and the microprocessor calculates these weights
and makes the decision on whether to shift or not. The anti-skid braking system uses similar
principles. Here, the problem is to determine the maximum amount of braking pressure that
can be applied without making the wheels lock. In [5], Kauffmann and Gupta presented other
applications of fuzzy numbers in engineering and management science. Incorporation of fuzzy
numbers in expert system design were also presented in [6].

When should we think fuzzy? If a system can be represented by a simple equation, it
should probably be modeled by a straightforward control technique. However, if we are
dealing with very complex parameters, that can be easily implemented as a series of
IF-THEN-ELSE rules, then fuzzy logic is the way to go. In article [9], Bell presents with more
detail the differences between traditional, proportional, integral and derivative control
systems and their fuzzy associates. He also gives a list of market products using fuzzy theory.

1.1. Definitions and main properties

Fuzzy numbers are defined and described in [4]. An interval of confidence is a practical
and logical process for treating uncertainty with whatever information that is available. This
information can be objective (we are certain that the dimension has a position between the
two measured data), or subjective (the information is obtained from experience or from the
opinion of experts).

Another concept is worth mentioning before introducing fuzzy numbers. It is called the
level of presumption. Let us assume, for example, that a certain event is to take place between
June 10 and June 25. This is an interval of confidence. However, let us assume that this event
is to occur on June 20, a possible date. If we wish, we may assign two levels of confidence to
these two situations, 0 for June 10 and June 25 and 1 for June 20. These two levels of
confidence are in fact levels of presumption, and we can present them by [0,1]. As a matter of
fact we can extend those two intervals to a much larger set of interval such as

Va,, b, ER; and Vay, o, €[0,1]; (a,<a,) = ([a{®, a§?] < [b§, b§]).

(1)

This means that if «; increases, the interval of confidence never increases. This coupling
between the level a; of presumption and the interval of confidence at level a; will be a way of
defining the concept of an uncertain number or fuzzy number.

The concept of an uncertain number or a fuzzy number can be defined in R, R*, Z, N or
in every referential set that is totally ordered or linearly ordered. This paper deals with
discrete fuzzy numbers only, since continuous numbers carry more programming complica-
tions and are beyond the scope of this project. )

Following [4], we introduce the concept of fuzzy numbers from the viewpoint of fuzzy set
theory.

Let E be a referential set (for example, Z (the set of integers) or N (the set of natural
numbers)). An ordinary subset A, of this referential set is defined by its characteristic
function, u such that:

Va eE: wnq(a) €{0,1}, (2)

which shows that an element of E belongs to, or does not belong to A4 according to the value
of the characteristic function (1 or 0).
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For the same referential set E a fuzzy subset A will be defined by its characteristic
function, called the membership function, which takes its values in the interval [0,1] instead of
the binary set {0,1}.

VaeE: wq(a) €[0,1], 3)

That is, the elements of E belong to A with a level located in [0,1].
A fuzzy subset A C Z is convex if,

VaeZ A,={alpy(a)=a}, a€[01], (4)

is convex; that is, if it is a closed interval of Z.
A fuzzy subset A C Z is normal if and only if

VaeZ  V pyla)=1. (5)

This means that the highest value of w,(a) is equal to 1. This maximum may or may not be
unique.

Now a definition for uncertain or fuzzy numbers can be presented. A fuzzy number in Z is
a fuzzy subset of Z that is convex and normal. Thus a fuzzy number, although, it may be
considered as a generalization of the interval of confidence, is not a random variable. A
random variable is an objective datum, whereas a fuzzy number is a subjective datum. It is a
valuation, and not a measure.

Now that fuzzy numbers have been defined, one can describe some important operations
on them. There is more than one way to define these operations. But the ones chosen, are
best suitable for the discrete model to be programmed.

1.2. Convolutions of fuzzy numbers

All operations on fuzzy numbers such as addition, subtraction, multiplication, division,
minimum, and maximum are called max-min convolutions. They all involve elements of Z
(eventually Z* only). The following is a list of the max-min convolutions of concern in this
paper. For examples, see Figs. 1, and 2. The symbols A and V denote the minimum and the
maximum operations, respectively.

Va, b, c €R:

aces(c) = C=Y+b(#A(a) A 1p(b)). (6)
Kacyp(€) = c=\a/_b(/"'A(a) A up(b)). (7)
Kacys(€) = C:{.b(m(a) A up(b)). (8)
Kas(c) = C=\a//b(m(a) A np(b)). )
Kacnyp(€) = C=yAb(#A(a)/\#B(b))- (10)
#A(V)B(C)=C=be(MA(a)/\#B(b))- (11)

What we have defined is fuzzy numbers in one dimension, but these can be extended to
two or higher dimensions. Again the domain of values is restricted to a discrete ordered set
suchas Z or Z™.
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1 2 3 4 5
AT 0.2 0.3 0.5 ] 0.5
1 2 3 a S
B = 0 05 | 0.7 | 06
B
| S
A 2 3 4
0 0.5 i 0.7 | \0.6
1 lo2 02\ | 0.2\ | 0.2 0.2
0.5 1 0.7 \O0.6
2 | o3\] 03 oIN\! 03\ 03
0 0.5 | 0.7 \\0.6
3 {os\Jos 05\ 0.5 05
0 0.5 ] 0.7 [ \0.6
4 | 1 | 1 1
0 05 1 0.7 I\.0.6
5 |05\ ]Jos 05\ |05\ p.5
| 2 l 3 4 S
min(A,B)= 02 | 05 1.0 07 | 05

Fig. 1. The minimum convolution of 2 fuzzy numbers.

Section 2 presents the sequential algorithms for the minimum and addition of two linear
fuzzy numbers a and b. Section 3 presents the data dependency for each of the algorithms in
Section 2. Section 4 presents mapping of the operations in Section 2 into linear systolic arrays.

Section 5 presents the algorithms for the same operations on a novel class of modified-mesh-
of-trees.

2. The sequential algorithms

For completeness and better understanding, before introducing parallel algorithms, the
corresponding sequential algorithms are presented. The algorithms are self explanatory and
given in Figs. 3 and 4. Each algorithm requires a memory space of size m + n, where m = | q|
and n = |b|, and takes O(n?) time steps to be executed. Only fuzzy minimum and addition
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1 2 3 4 S
A =
0.2 0.3 0.5 | 0.5
! 2 3 4 S 6
B = 0 05 | 0.7 { 06 | 05
X
A 1 3 4 S ., 6
) 0.5 1 0.7 | \0.6 0.5
"o2Dd o 02\ Jo2\ o2 2
0 0.5 1 0.7 \0.6 s
2| a 03 0.3 0T 0z s
0 0.5 1 0.7 I\\0.6 5
3 [05\J0.5 0.5\/|0.5 05\ ] as
0 0.5 B 0.7 [\0.6 0.5
4 ] 1 ] 1 PN\
0 0.5, 1 0.7 AN\ 0.6 5
5105\J 0.5 0.5\ |05\ p.5 0.5
3 4 5 6 7 8 9 10 11
A+B =
00 | 02 | 03 05 | 05 1.0 07 | 06 05 | os

Fig. 2. The addition coavolution of 2 fuzzy numbers.

are presented, since maximum and subtraction differ from the previous two only in their

computation order.

3. The data dependency

Let M be a temporary variable defined such that
M;;=V(a;, b)).
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Algorithm SeqFuzzymin(a.b.c) Fu:
Input The 2 fuzzynumbers a and b are represented as 2 linear lists a[l..n] and b[1...n).
Output The fuzzynumber ¢ as the minimum of a and b, represented as c[1...n].
1. Fori:=1Ton Do Fu:
2. ¢ =0
3. For j:=1 To n Do
4. temp:= A(aj, b;)
5. If temp> ¢; Then
6. c; :=temp
7. End.
Fig. 3. The sequential algorithm for fuzzy minimum.
A second index is added to each entry in c to illustrate the cohesion between the elements
involved in computing the final value of that entry. The entry ¢;; is defined in terms of the
following recurrence equations for the two fuzzy operations considered:
(
Algorithm SeqFuzzyadd(a.b.c)
Input The 2 fuzzynumbers a and b represented as 2 linear lists a[l...m] and b[1...n).
Output The fuzzynumber ¢ as the sum of « and b, represented as ¢[l..m +n — 1].
1. Fori:=1Ton-1Do
2. For j:=1 To [4] Do z
3. ki=25-1; <
4. temp:= V(A(ak,bi—k-1), A(@rs1, bi—i));
5. If temp> ¢; Then
6. ¢; :=temp
7. Fori:=n Tom Do <
8. For j:=1To [%2] Do <
9. k:i=25-1;
10. temp:= V(A bicko1), A(asy, bici));
11. If temp> ¢; Then
12. ¢i :=temp . .
13. Fori:=m+1Tom+n-1 Do <
14. For j:=1 To [32] Do
15. k:=27-1;
16. temp:= V(A(ak, bimk—1), A(Qks1,bi—i));
17. If temp> ¢; Then
18. ¢ :=temp
19.  End.

Fig. 4. The sequential algorithm for fuzzy addition.
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Fuzzy minimum:

ci;j=N(cijo1» M ;, M), forl<i<j<n
ci=ci,n
=0

Cii-1
Fuzzy addition:
Cij= /\(Ci.j—p My i k-1 Mk+1,i~k)

m
k=2j—1,a<js[—2—l,1$i<m+n

Fig. 5. Data dependency for fuzzy minimum.
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Ci,a=°°
m-—i 1<
= — <i<
a 5 fl<i<m
a=0 fm<i<n
i—n .
a= 3 fn<i<m+n

The development of the parallel algorithms in the next two sections relies on the
recurrence equations defined above. Refer to Fig. 5 for fuzzy minimum data dependency
diagram, and similarly Fig. 6 presents the data dependency diagram for fuzzy addition.
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Fig. 6. Data dependency for fuzzy addition.
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4. The linear array algorithms

This section presents the linear array algorithms for computing the convolutions intro-
duced in Section 1.2. The rest of this section proceeds by presenting the computation model
to be used (hardware), both an informal and a formal description of the algorithms, their
RCT diagrams (the term will be defined later) and finally a complexity analysis.

4.1. The computation model

The computation model is the linear array depicted in Fig. 7. The terms cell and processor
will be used but they are synonymous.

Each cell has its own memory and control unit, and all cells are synchronized. Every
processor knows its number which is contained in a local variable pid. Data passes through
from left to right. Each cell has its own memory and communicates by a message passing
protocol with its neighbors. Cell k sends a word of data to cell k + 1 using a statement of the
form

send( P, Py, data)
Similarly, cell k receives a word of data from cell K — 1 using a statement of the form
receive( Py, P,_,, data)

The host is referred to as either processor P, or P,.;. The machine operates in an
asynchronous MIMD mode. Communications are by rendez-vous, and there is no overlap
between computations and communications. This communication scheme will be assumed for
during all subsequent systolic architectures presented in the next sections.

4.2. The algorithms

Figures 8 and 9 contain Pascal-like descriptions of the algorithms. Each algorithm is
divided into 3 stages: data-entry, data-computation and data-output. First, the two fuzzy
numbers a and b have to be transmitted to al processors; data will then be pipelined from left
to right. Each processor will save only the elements to be used in computing the entry in ¢
assigned to it. Once every processor holds the appropriate data, it starts the data-computation
and eventually the data-output procedures. Note that, the data-entry phase of the algorithm
can be merged into the data-computation phase, if multiple data channels are provided by the
hardware of the PEs. That way, one channel will be reserved for the partial results, and two
others will serve as data pipelines of a and b. The following is a more detailed discussion
about the three stages of the algorithm mentioned earlier for the two operations, fuzzy
minimum and addition. Assume that |a| =m and |b| =n, and that n = m when computing
the minimum and m > n when computing the sum.

Fuzzy minimum: At time ¢ =i, (1 <i <n+j— 2), processor P, (1 <j <n), is used to receive
and transmit (a,, b,) such that, k =i +j—1 when j <i and processor P, is idle when j > 1.

PI =% p2 P3 1 pn-o4—P pn-1 on

Fig. 7. The linear array model.
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Algorithm Linfuzzyminimum;

(*This algorithm is to be ex
1. 1:=clock;

ecuted in P;¥)

y M@k, br), Aag, by));

2. j:=pid;

3. to:=n + ] - 1;

4, 7= 17— to;

5. Ifi>j

6. Then

7. Fofi:jTon-{-j—:ZDo
8. Ci=i4 -1

9. receive (P;, Pj_q, ai,by)
10 Endfor;

11. Fori=1To; Do

12. k=1

13. =3

14. Ckk—1 1= 0O;

15. Ifi# 1ty

16. Then

17. receive (P, Pioyyerioy);
18. Chkyt i= V(ck -1

19. fj#n

20. Then

21. send (P, Piy1,cry);
22. Else

23. send (P, host, ¢ );
24 Endfor

25.  End.

Fig. 8. The linear array algorith

m for fuzzy minimum.

The variable to,; is the time P, uses to finish the data entry phase. At t =i, (n + J—1l<i<n

+ 2j — 1), processor P,(1<j<n),is:
Computing Receiving Transmitting  Time

kck,l.’ kck’,ll’( ka”JII;
=1 f= "= .
<l=j {1'=1-1 {1"=1 T
to;n+j—1
i'=i—1t,

Note that at n=pn + 2 J — 2, processor P. is not
processor P, is transmitting ¢, to the host. N
computations are pipelined.

receiving any data. At r=i’, (1 <i'<n),
o partial results need to be saved since
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Algorithm Linfuzzyaddition:
(*This algorithm is to be executed in P; *)

1. 1:=clock

2. j:=pid

3. to:=n+ ] -1

4. tHi=to+tn-m+25-1

5. 1=t +m-2j

6. ta:=t+n+27

7. 1= i—.to

8. Ifj>i

9. Then

10. Fori=jTon+3j-2Do
11. ki=i4+37-1

12. receive (P;, P;_1,ax, bi)
13. Endfor;

14. Fori'=1Ton-m+2j-1Do
15. ki=n-1i+1

16. l:=3

17. If1<k<m

18. Then

19. Ck-l'"T"J 1= 00;

20. Im<k<n

21. Then

22. Ck,0 i= 00;

23. Ifi#(ty-1,t4)

24. Then

25. receive (P}, Pj_1,Cki-1);
26. kg = V(cki-1, Alag, b), Alar, bg));
27. If j < [3]

28. Then

29. send (P;, P41, k)

30. Else

31. send (P;, host, ci)

32.  Endfor

33. i=i-1y

34. Fori”"=1To2j5 Do

35. k:=n+1d"

36. l:=3j

Fig. 9. The linear array algorithm for fuzzy addition.
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37. In<hk<m+n

38. Then

39. Ck.[%] 1= 00;

40. i (t;-1,19)

41. Then

42. receive (P;, Py, crim1);
43. €kt += V(ek -1, ANar, br), Ay, bi)):
44, Ifj <|'%]

45. Then

46. send (Pj, P41, Ck 1)

47. Else

48. send (P;, host, cj)

49.  Endfor

50.  End.

Fig. 9 (continued).

Fuzzy addition: At time t=i, (I<i<n+j-
receive and transmit (a,, b;) such that, k =n +
J>i. The variable to,; holds the time it takes P,
time P, has been active and ¢

Lj» f2, are temporary variables. At f=i, (t;<is<ty)
processor P, (1 <j <[m/2]) is:

Computing Receiving Transmitting  Time
X Cri ) G Cekr 1
=n-i+ k'=k k"=k y :
. Il<i'#*n<m+2j-1
{I=J {1'=1-1{1"=1 strnsm+l
Lo, =n+j-1

Lj=tytn—-m+2j—1

L=t +m-2j

Lyi=t,+n+2j

'=i—t,
Note that at ty, ty =1, ty, t, — 1, processor P, is not receiving any data. Processor P, s21 18
transmitting c,., as specified above, to the host computer.

4.3. The RCT diagram

The idea of the RCT diagram was first introduced in [2]. The RCT diagram in Fig. 10
illustrates the flow of data and computation for the minimum operation in processors Py, P,,
Pg and Py, when n =09, Similarly, Fig. 11 represents the RCT diagram for the addition

operation in processors Ps, Py, P, and Pg, when m =16 and n = 20. Note that most of the
data entry phase was omitted in Fig. 11. The three columns under

1y under C means that P,
computed that element. Finally, an entry under T means that P, transmitted that element to

its right neighbor. A blank entry in either one of the diagrams implies an idle Processor.

2), processor P, (1<j<[m/2)), is used to
J—1i,when j <i and processor P is idle when
to finish the data entry phase, t5 ; is the total

b

|

=
5

[ | | IHIHIHIH]HIHlHlaAIMI-\I"\lP"I‘NIfn\lkﬂID—‘| l
Sl el vl

[T

44.

par
the
tak
pro
whi
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Fuzzy arithmetic on systolic arrays 1295
,i
time Ps P Pg Py
. R C T R C T R C T R C|T
1
2
3
4
S
6 ay, b ay, by
7 | a2,b2 az, by |4y, by a1, b
8 as, b3 as, b3 as, b2 as, bz a, b1 a;, b1
9 | a4,by a4, by | a3, b3 a3, b3 | a2, b2 az, b2 | a1, b
10 | as,bs as,bs | ay,by a4, b4 | a3, b3 a3, b3 | az,b2
11 as,bs as,bs as,bs as,bs a.;,b.( a4,b4 a3,b3
12 a7,b7 a7,b7 as,bs as,bs as,bs as,bs CL4,b4
13 as,bg ag,bg a7,b7 a7,b7 ag,bs as,bs ae,bs
14 ag, bg ag, bg asg, bg asg, bs ar, b7 as, b-,' ag, bs
1to 15 s | cis| cis | as, by ag, by | as, bg ag,bs | ar, b
gfarll 1? c2s |26 | 6 | @6 | s | az | a9, by ag, by | ag, bs
) 17 €35 |36 | €36 €26 | Ca7 | Ca7 cir | s | s | asbe
7 18 €45 | C46 | Cua €36 | €37 | €7 C2,7 [ Cag | C28 €18 | Q19| CQ
! 19 Css | Cse | Cs.6 C46 | C47 | C47 €37 | 38| €38 €28 | C29|C2
| 20 Cos | C6.6 | Cs6 | C57 | C57 | Ca7 | C48 | Cy8 | €38 | C39 | C3
i 21 66 | C6r | Cor | €57 [css| Cs.8 | cus | Ca9 |y
! 22 crr| ¢t | ¢c67 |ces| Cos | Cs8 | Cse | Cs
s 23 cr7 | Crs | crs | ce8 | Ce9 | Co
i 24 Cs.8 Cg.8 Ccr8 C7e | CT
i 25 cg.s | Css9 | Cs
: 26 Cgg | Co
is
Fig. 10. The RCT diagram for fuzzy minimum.
4.4. The complexity analysis
10 The complexity analysis is based on two factors: the computation time 7 (i.e. the number of
0 parallel steps between the first impute element to the array and the last output element into
n the host machine) and the number of processors P. In all algorithms, procedure data-input
e takes n time steps and no time is needed for data-output. For fuzzy minimum (maximum),
d procedure data-computation takes 2n — 1 time steps and n processors are required. Mean-
R while, for fuzzy addition (subtraction), Procedure data-computation takes 2m +n — 1 time
> steps, but only [m /2] processors are used. Hence,
0

Minimum: T=3n-1, P=n.
Addition: T=3m+n-1, P=[m/2].
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time | P Pg P- P ]
R C T R C T R C T R C T
24 al,bl a;,bl a;,bg a;,b') ag,b3 03,63 a4,b4
25 || cao | c20s | 205 | a1,b1 ay, by | az, b2 az, by | a3, b3
26 €19,4 | C19.5 | C19,5 €205 | 206 | €206 | 01,01 ay,by | as,b;
27 | c184 | c185 | c1ss | cies | €106 | Cro6 | c206 | oo | 207 | a1, by
28 GiT¢ { €175 | Q175 | €185 | C186 | €186 | €196 | 197 | €197 | €207 | C208 | C20
29 || c164 | C165 | c165 | C17s | C1rs | 176 | ciss | 187 | Cis7 | €197 | Cres | c1o
30 || c1su | c1s5 | c1s5 | Cies | Ci6s | Ci66 | iz | 177 | carr | cisr | ciss | cis
31 C144 | C145 | C145 | C155 | Cis6 | C15.6 | €166 | C16.7 | C16.7 €177 | G178 | Q17
32 €134 | C135 | €135 C14,5 | C146 | C146 | C156 | C15,7 | C15,7 C16,7 | C16.8 | C16
33 || 124 | c125 | c125 | cizs | c13s | 136 | Cias [ €147 | Crar | €157 | €158 | Cis
34 €114 | C11,5 | Ci1s €125 | G126 | €126 | €136 | €13.7 | €137 | Ci47 | C14.8 | C14
35 || cl04 | €105 | cros | ens | cris | ens | 126 [ 127 | cior | iz | cise | c13
36 C9.4 9.5 9.5 €105 | C106 | €106 | €116 | €117 | C11.7 | C12.7 | C12.8 | €12
37 €84 €g.5 €g.5 Co.5 Co.6 C9,6 €106 | ©10,7 | C10,7 | €117 | C11.8 | €11
38 Crs | cis | css | cse | Cas | Cos | co7 | o7 | cio7 | Cr08 | cro
39 crs | Cres | Crs | cse | ca7 | car | cor | cos | co
40 Ces | Co6 | Crs | crr | crr | css | cgs | s
41 Css | Cs6 | cos | o7 | cor | crr | erg | cf
42 cs7 | cs5 | cer | ce8 | co
43 ca7 | cu7 | 57 | csg | ¢
44 €37 | €37 | car | cus | €4
45 |l eang | ens | ears €37 | ¢33 | €3
46 || co24 | coas | 225 | cais | cas | s c28 | 2
47 || ca3q | coas | o35 | cazs | Caze | 226 | c16 | €217 | carr ae | @
48 €244 | C24,5 | €23.5 €235 | C23.6 | €22.6 €226 | €227 | Ca1.7 €217 | €218 | 1
49 Cas.q | C25.5 | C2s.5 C24.5 | C24,6 | C24.6 | C236 | C23.7 | C23.7 C22.7 | C22.8 | C22
50 || c26.4 | o655 | cos | cas.s | cass | Cass | €248 | Coa7 | Coa7 | Caar | Caag | Cos
51 €274 | C275 | C27.5 €26,5 | €26.6 | C24.6 €256 | C25.7 | C23,7 €24,7 | €24.8 | C2q
52 || coss | c2s5 | Cas5 | cars | cars | Cavs | a6 | Cas | 267 | Case | Cass.] cas
53 || a0 | c2a5 | cass | cass | coss | coss | Cars | Carr | Carr | Casr | Crss | Co
54 €304 | €30.5 | €30.5 €295 | €296 | €296 | C286 | C28,7 | C28,7 | C27.7 | C278 | Co7
55 | catu | caus | cais | csos | coo6 | o6 | €296 | C29.7 | Coor | Casr | Cosg | Cas
56 €315 | €316 | €316 | €30.6 | C€30.7 | C30.7 | €20.7 | C2o08 | C29
57 €32.6 | €32.6 €316 | €31.7 | €317 | C30.7 | €308 | C30
58 C33.6 | C336 | €326 | C32.7 | C3a1 | Carr | Cars | cm
59 €336 | €33,7 | €337 | C32,7 | C32.8 | €32

S. The modified-mesh-of-trees algorithms

Fig. 11. The RCT diagram for fuzzy addition.

This section provides a mapping of the same sequential algorithms presented in Section 2
on a modified-mesh-of-trees type of systolic architecture. As in Section 4, this section includes

the computation model, the algorithm design steps, and the complexity analysis.
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5.1. The computation model

The computation model to be considered in this section is a special combination of the
mesh and tree systolic arrays. As depicted in Fig. 12, each row and column contains a
complete tree of processors. The diagonal processors (illustrated with diamond-shapes) are
directly connected to the host computer. This direct connections support data-entry and
data-output for each row and column of processors to proceed simultaneously, that is, once
data is received by the diagonal processor, it follows the tree of processors along both the
corresponding row and column until it reaches all of the PEs in the trees. This takes a
maximum of [log(n/2) —i + 1] time steps, i is the number of row and column of processor
connected to the ith diagonal processor, n is the size of each of the fuzzy operands. The
number of rows and columns is n /2. As will be shown later, this extra time will not affect the

overall logarithmic time complexity of the algorithms.
Let f(i) be the number of processors in either row i or column i. Before computing f(i),

let’s define a couple of other functions:
Let B(j) be equal to the number of 1s in the binary representation of j, and a(j) be equal

to 0, if j is a power of 2, and be equal to 1 otherwise. Then

2
=2j=B(J) +ea())[log j]

i
T

+ +...+2+1

=i+

\ O

F8 oo oo

o~ o~ o

Fig. 12. A modified-mesh-of-trees systolic array of size 4.
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Therefore the total number of row processors P, is:
n/2

Prow= Zf(])
j=1

Since the row j and column J have one processor in common, the total number of column
processor P, is:

n
Pcol=P

row - 5 .
The total number of diagonal Processors is:

p n
001—2'

Thus, the total number of processors P is:
=Prow +Pcol+Pdiag'

Each processor is identified with 3 indices: , j and k. Index i is the row number, j is the
column number and k is the level number in the tree. As in the linear array model,
processors communicate through the send and receive functions described in Section 4.1.

5.2. The algorithm

As described earlier, the data-entry phase of the algorithms is initiated through the
diagonal PEs. The same phase can be integrated into the data-computation phase by adding
more data channels to each processor. The following is a description of the data-computation

state, for the minimum operation. Figure 13 describes the correspondence between the
processors of the row and the entries in ¢ they compute.

c
1.1
p
113
c c
1,1 1.1
P P
112 129
c c c i c
1.1 1.2 1.3 1.4
P P P P
lll\ 112 113 1 1 4
c c c c ¢ o c c
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
P P P p p P P p
110 120 130 1.40 150 1 /0 170 180

Fig. 13. Correspondence between processors and ¢ entries in the first row of a modified-mesh-of-trees array of size.
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Algorithm Mesh-of-treesfuzzyminimum;

(*This algorithm is to be executed in P; ;i *)

(1,7, k) :=pid,

t :=time;

If t = 0 (*Data-entry*)

Then
receive (P, P j 4ok k410 @ir D221, b25);
ciji= N Ma5-1, M;a5);

Else (*Data-computation*)
receive (P k. Pi2j-1,k-1,Ci,25-1);

receive (P ; ky Pi2jk-1+Ci2;);
10. Cij i= V(¢i25-1,6i25);

11. send (Pid-k‘P(.l'%],kH’cf.j);

12.  End.

Fig. 14. The algorithm for minimum run by each processor in the mesh-of-trees.

At time k, processor P, ; . 1s:

Computing
¢ =M 1V My, if k=0
i j=Ci NGy if k>0
¢, j=Ci, if i=jand (i mod k) =1
Receiving
Cigj—1 from Py y 4y
Ciaj from P, ;-
Transmitting
Cij 10 Prpjpn
o [n
1<i< [-2-1
n
i<j=< 3~ 2k

n
Osks[log(z—ml)l

Both the ith row and the ith column execute simultaneously. They pass their final values to
the diagonal processor P; ; og(x /2)+ 1> Which in turn computes c; by comparing the two entries
it received. Once c; has been computed it will be sent to the host computer. This data output
phase does not add to the overall time complexity of the algorithm. A formal coding of the
algorithm is presented in Fig. 14.

5.3. Analysis

The following are the complexity factors for the two fuzzy operations, minimum and
addition, when the corresponding algorithms are mapped onto a mesh-of-trees systolic
architecture.
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2
n
Minimum: 7 =3log n, P=?—n—1.
m?
Addition:  T'=3log(m +n), =5 m

6. Expandability

Expanding the algorithms described in both Sections 4 and 5 mean either increasing the
values of m and n, or raising the dimension of the two fuzzy operators, or both. The first
problem can be solved using some of the partitioning techniques proposed in [1,3]. The
second problem, however, depends on the speed-up requested and the hardware available.
For instance, a minimum of two fuzzy numbers of dimension 2 can be computed in O(n) time,
using a linear array of O(n?) processors. That is, each n sequence of n processors will
compute one row of ¢, and then the results will be pipelined just as in the linear array
algorithm for numbers of dimension 1. On the other hand, if one is willing to give up time and
speed for the cost of hardware, a second approach can be used. Each processor in the linear
array of size n will be computing one row of c. This will take O(n?) time steps. The same
techniques may be used for the mesh-of-trees systolic array.

7. Conclusion

Many applications require such operations on fuzzy numbers as minimum, maximum,
addition, and subtraction etc. A fuzzy number is defined by a convex and normal fuzzy subset.
Thus, to represent a fuzzy number we need as many values as the number of elements in the
fuzzy subset. Hence, the size of a fuzzy number can be considered as the size of correspond-
ing fuzzy subset. Any binary operation on two fuzzy numbers of sizes n and m requires
(n X m) conventional arithmetic operations. Thus, the use of fuzzy numbers in such systems as
artificial expert systems make them slow. In this paper, we have presented O(n + m) and
O(log n + log m) time systolic algorithms for fast parallel computation of some fuzzy binary
operations.

The choice of network architectures used previously was to highlight the fact that systolic
arrays can rely on parallel or pipelined processing or both. The linear array algorithm takes
advantage of the recurrences between different instances of the same entry and uses extensive
pipelining to achieve a linear speed-up which is optimal in this case, given the number of
processors used. On the other hand, the mesh-of-trees algorithm takes advantage of the
independence between different instances of the same entry, and thus relies on the parallel
execution of those partial results. It achieves a higher speed-up than the former algorithm,
but requires more PEs to be used for a shorter period of time.

Performance study of these parallel algorithms on actual systolic arrays would make this
work more complete. However, since we have no access to such a system, we shall conclude
this section after discussing the expected speed-up on a linear systolic array. As it can be seen
from Fig. 2, any sequential algorithm will require (n X m) time steps for addition of two fuzzy
numbers of sizes » and m. From the end of Section 4, it is clear that the same computation
on a linear systolic array of size (m /2) will take only B3m +n —1) time steps. Thus, when
n=m, a speedup of (n/4) is obtained and the resulting processor efficiency is about 50
percent. We hope to implement these algorithms when systolic arrays are available to us.
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