Chapter 1, Part 3

Regular Expression

The reqular expressions are equivalent to the finite automata.
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Regular Expression

An expression R is a regular expression if R is

1. a for some a in some alphabet >,

€,
0,

(R1 U Rs) for some regular expressions Ry and R,
(

A

Ry o Ry) for some regular expressions Ry and Rs, or

6. (R1)* for some regular expression Rj;.

When the meaning is clear from the context, () and o can be
removed from the expression.
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The Language Represented by a Regular Expression

For a regular expression R, L(R) denotes the language R expresses.
1. For each a € 3, L(a) = {a}.

L(e) = {¢}

L(D) = 0.

L(R1URy) = L(Ry) U L(R5).

L(R10oRy) = L(Ry)o L(Ry) ={uv |u € Ry and v € Ry}.

L<R>I1<) — {G}U{uluk ‘ Up, ..., U € Rl}

S O kW

CSCh27, Chapter 1, Part 3 (© 2012 Mitsunori Ogihara 3



Regular Expression Examples

e [(a) = {a} (for a single-element regular expression, you may
simply write the element)

e [L(ababU bc) = {abab, bc}

o L((ababU abc)*) ={ef U{wy---wi | k> 1and wy, -+ ,wy €
{abab, abc}}.

e L((ababU abc)* U c* U abe(abea)™)
={e}U{wy---wg | k>1and wy,--- ,w, € {abab, abc}}
U{w | w is a repetition of ¢'s }
U{abc, abcabea, abcabcaabea, - - - }.
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Finite Automata = Regular Expression

Theorem. The regular languages are precisely those that are
expressed by regular expressions.

We show:

e Regular expressions can be recognized by finite
automata.
e Regular languages can be expressed as regular
expressions.
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Regular expressions can be recognized by finite automata

By induction

Base Cases

1. a for some a in some alphabet >,
2. €,
3. 0,

Induction

4. (Ry U Ry) for some regular expressions Ry and R,
5. (R1 o Ry) for some regular expressions Ry and Rs, or

6. (R1)* for some regular expression Rj;.
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Proof

The Base Case

The following are all regular:

e any set consisting only of a single letter,
e the set consisting only of the empty string,
e the empty set.
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The Induction Step

We have only to show the following:

If L1 is accepted by an FA N; = (Q1,%,01,p1, F1) and Lo is
accepted by an FA Ns = (Q2, >, 02, p2, F) (here Iy and F; are
disjoint and )1 and ()2 are disjoint), then there are NFA for
L1 ULQ, L1 o LQ, and LT
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Union

The new NFA has an e-arrow from its initial state pg to p; and to

p2.
Its final state set is F;} U F5.

ORA©®
3
NORA®
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Concatenation

The state set of the new NFA is the union of the state sets of NV

and NQ.
The initial state is p;.

There is an e-arrow from each s € Fj to ps.

The final state set F{y is F5.

Final States of
N1l: no longer
final states

16

Final States of

N2: remain to

be final states

(3
A
)
v
(3

O
©
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Ly
Introduce a new Initial state py.
Add an e-arrow from pg to p;.

Add an e-arrow from each s € F] to py.
The final state set is {pg}.

E(\
—» E—» N

Final States
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Regular languages can be expressed as regular expressions.

A general nondeterministic finite automaton (GNFA) is a kind
of NFA such that:

e [here is a unique start state and is a unique accept state.

e Every pair of nodes are connected by an arrow in each
direction, each labeled with a regular expression. Exceptions
are:

e [he start state has no incoming edges.

e The accept state has no outgoing edges.

The language accepted by the GNFA is the union of all L(R) such
that R is the regular expression constructed by concatenating all
the regular expressions appearing on the path from the start state
to the accept state in the order they appear.
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An Example of GNFA

Here the dashed arrows represent arrows with () as the label.
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Proof Plan

1. Show that any NFA can be converted to an equivalent GNFA.

2. Show that any GNFA can be converted to a regular expression.
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From an NFA to a GNFA

Given an NFA NV, construct a GNFA G as follows:

1. Add a special start state ¢stq,+ and connect it to the initial
state of NV with € as the label. Connect ¢gq,+ to each
remaining state with () as the label.
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From an NFA to a GNFA

Given an NFA NV, construct a GNFA G as follows:

1. Add a special start state ¢stq,+ and connect it to the initial
state of NV with € as the label. Connect ¢gq,+ to each
remaining state with () as the label.

2. Add a special accept state ggccept and connect to it from each
final state of N with ¢ as the label. Connect from each of the
remaining state of N to quccept With () as the label.
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From an NFA to a GNFA

Given an NFA NV, construct a GNFA G as follows:

1. Add a special start state ¢stq,+ and connect it to the initial
state of NV with € as the label. Connect ¢gq,+ to each
remaining state with () as the label.

2. Add a special accept state ggccept and connect to it from each
final state of N with ¢ as the label. Connect from each of the
remaining state of N to quccept With () as the label.

3. Add an arrow with () as the label wherever necessary.
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Before and After
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Before and After

a,b

a,b

b

19

CSCh27, Chapter 1, Part 3 (© 2012 Mitsunori Ogihara



What Have We Done?

We have constructed our initial GNFA G so that:

(I) For each word w in L(N), there is a path |ug,...,uy] in G
from @start tO Quecept Such that
(a) w is decomposed as wiws - -+ - Wiy;

(b) for all 4, 1 < i < m, w; is a member of the language
represented by the regular expression of the arrow

(ui—la Uz)
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What Have We Done?

We have constructed our initial GNA & so that:

(I) For each word w in L(N), there is a path |ug,...,uy] in G
from @start tO Quecept Such that
(a) w is decomposed as wiws - -+ - Wiy;

(b) for all 4, 1 < i < m, w; is a member of the language
represented by the regular expression of the arrow
(ui_l,ui).

(I1) For each word w that can be decomposed as in the above, w

is a member of L(IV).
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Convert a GNFA to a Regular Expression

We will remove intermediate nodes one after the other while
preserving the two properties.

Repeat the following until there is no state left other than the start
state and the accept state.

e Select an arbitrary state s.

e Produce from the current GNFA an equivalent GNFA by:

e For each arrow (p,q) such that p,q # s, replace
its label with the label corresponding to the paths

[ ,Q], [pa 87Q]7 [p7 S, 37Q]7 [p, S,S8,S, Q], e
e Remove s and all edges attached to it.
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The Procedure

Let G be the current GNFA. Replace G with a new GNFA G’
constructed from (G as follows:

e (G’ has all states of G except for s.

e For each pair (p,q) of states, p,q,# s, label the arrow (p, q)
of G’ by u U zy*z, where
- u is the label of (p,q) in G,

(
x is the label of (p, s) in G,
y is the label of (s,s) in G,
z is the label of (s,q) in G,
if at least one of z, y and z is (), the label is w.

The two properties (1) and (Il) are preserved.
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State Elimination

becomes
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State Elimination

becomes
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State Elimination

becomes

bb{a,b}*

______________________________
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State Elimination

becomes

aa{a,b}*

bb{a,b}*

______________________________
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State Elimination

aa{a,b}*

______________________________

becomes

\4

‘_><> aa{a,b}* Ubb{a,b}*
[3
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State Elimination

O aa{a,b}* Ubb{a,b}*
. [3

becomes

‘ aa{a,b}* Ubb{a,b}*
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State Elimination

aa{a,b}* Ubb{a,b}*
@-O @

becomes

‘ aa{a,b}* Ubb{a,b}* ‘
-

The conversion has been completed.
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The Regular Expression May Not Be Unique

Note that the regular expression is dependent on the order in which
the states are eliminated and thus may not be unique.
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Closure Properties of Regular Languages

Theorem. The regular languages are closed under
complement, union, intersection, concatenation, and star.

Proof The closure properties under union, concatenation, and
star follow from the fact that the regular languages are those
that are expressible with regular expressions.

For complement, note that the complement of a language accepted
by a DFA (Q, X, 9, po, F') is accepted by a DFA (Q, X, 6, po, Q \ F).

For intersection, use DeMorgan’s Law. ]
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