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Abstract

The extension of conflict-based learning from Propositional Satisfiability (SAT) solvers
to Pseudo-Boolean (PB) solvers comprises several different learning schemes. However, it
is not commonly agreed among the research community which learning scheme should be
used in PB solvers. Hence, this paper presents a contribution by providing an exhaustive
comparative study between several different learning schemes in a common platform. Re-
sults for a large set of benchmarks are presented for the different learning schemes, which
were implemented on bsolo, a state of the art PB solver.

1 Introduction

Pseudo-Boolean (PB) solvers have been the subject of recent research [4, 7, 10, 17], namely in
applying techniques already successful in propositional satisfiability (SAT) solvers. In these al-
gorithms, one of the most important techniques is the generation of no-goods during search [1,
4, 17]. This is typically done when a conflict arises, i.e, a given problem constraint is unsatisfi-
able. In that situation, a conflict analysis procedure is carried out and a no-good constraint is
added to the constraint set so that the same conflicting assignment does not occur again.

In PB solvers, several conflict-based learning procedures have been proposed. However,
there is no a consensus on which method is best for most set of instances [3]. In this paper,
we start by defining the pseudo-Boolean solving problem and some operations that can be
performed on PB constraints. Next, PB algorithms and conflict analysis procedures are briefly
surveyed. Some implementation issues are described in section 5. Experimental results are
presented for several learning procedures implemented on a state of the art pseudo-Boolean
solver. Finally, conclusions are presented in section 7.

2 Preliminaries

In a propositional formula, a literal l j denotes either a variable x j or its complement x̄ j. If a
literal l j = x j and x j is assigned value 1 or l j = x̄ j and x j is assigned value 0, then the literal is
said to be true. Otherwise, the literal is said to be false. A pseudo-Boolean (PB) constraint is
defined as a linear inequality over a set of literals of the following normal form:

n

∑
j=1

a j · l j ≥ b (1)

such that for each j ∈ {1, · · · ,n}, a j ∈ Z+ and l j is a literal and b ∈ Z+. It is well-known that
any PB constraint (with negative coefficients, equalities or other inequalities) can be converted
into the normal form in linear time [2]. In the remaining of the paper, it is assumed that all PB
constraints are in normal form.

In a given constraint, if all a j coefficients have the same value k, then it is called a cardinality
constraint, since it requires that dbi/ke literals be true in order for the constraint to be satisfied. A
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PB constraint where any literal set to true is enough to satisfy the constraint, can be interpreted
as a propositional clause. This occurs when the value of all a j coefficients are greater than or
equal to b.

An instance of the Pseudo-Boolean Satisfiability (PB-SAT) problem can be defined as find-
ing an assignment to the problem variables such that all PB constraints are satisfied.

2.1 Boolean Constraint Propagation

Boolean Constraint Propagation (BCP) [6] in PB algorithms is a generalization of the application
of the unit clause rule [6] used in propositional satisfiability (SAT) algorithms. A constraint ω is
said to be unit if given the current partial assignment, ω is not currently satisfied and there is
at least one literal l j that if assigned value 0, ω cannot be satisfied. Hence, l j must be assigned
value 1. Let au

max denote the largest coefficient of the unassigned literals in ω . Moreover, let the
slack s of constraint ω to be defined as follows:

s = ( ∑
l j 6=0

a j)−b (2)

If au
max > s then ω is a unit constraint and literal lu

max must be assigned value 1. Notice that given
the same partial assignment, more than one literal can be implied by the same PB constraint.

During the search, let x j = vx@k denote the assignment of vx to variable x j at decision level
k. In the following sections we often need to associate dependencies (or an explanation) with
each implied variable assignment. Dependencies represent sufficient conditions for variable
assignments to be implied. For example, let x j = vx be a truth assignment implied by applying
the unit clause rule to ω . Then the explanation for this assignment is the set of assignments
associated with the false literals of ω .

2.2 Constraint Operations

It is well-known that the fundamental operation used to infer new constraints using proposi-
tional clauses is resolution [14]. For PB constraints, instead of resolution, the technique of cutting
planes [5, 9] can be used. This operation allows the linear combination of a set of constraints, in
order to generate a new constraint that is a logical consequence of the original constraints. For
any two pseudo-Boolean constraints and coefficients c and c′ we can combine them as follows:

c(∑ j a jx j ≥ b)
c′(∑ j a′jx j ≥ b′)

c∑ j a jx j + c′∑ j a′jx j ≥ cb+ c′b′
(3)

If c or c′ is non-integer, a new constraint with non-integer coefficients may result after ap-
plying the cutting plane operation. In order to obtain a new constraint with integer coefficients,
the rounding operation can be applied as follows:

∑ j a jx j ≥ b

∑ jda jex j ≥ dbe
(4)

It should be noted that the rounding operation might weaken the constraint such that the num-
ber of models of the resulting constraint is larger. For example, suppose we have the constraint
ω : 2x1 + x2 + x3 ≥ 3. Applying a coefficient c = 0.5 to ω we get a new constraint ω ′:

ω
′ : x1 +0.5x2 +0.5x3 ≥ 1.5 (5)
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Applying the rounding operation to ω ′ results in a new constraint ω ′r : x1 + x2 + x3 ≥ 2. Clearly,
all models of ω ′ are also models of ω ′r, but not all models of ω ′r are models of ω ′.

Another operation that can be used on PB constraints is reduction [2]. This operation allows
the removal of literals by subtracting the value of the coefficient from the right hand side.

Consider the constraint ω : x1 +3x2 +3x̄3 +2x̄4 + x5 ≥ 7. If reduction is applied to ω in order
to remove x1 and x̄3, we would get ω ′ : 3x2 + 2x̄4 + x5 ≥ 3. Note that if ω is a problem instance
constraint, it is not possible to replace ω with ω ′. Constraint ω ′ is a logical consequence from
ω , but the converse is not true.

Algorithms to generate cardinality constraints from general pseudo-Boolean constraints can
be found in [2, 4]. These algorithms find the minimum number of literals that must be set to
1 in order to satisfy the constraint. This is achieved by accumulating the literal coefficients of
the constraint, in decreasing order, starting with the highest a j. Let m(ω) denote the minimum
number of literals to be set to true in order to satisfy constraint ω . Then, cardinality reduction
can be defined as follows:

ω : ∑ j a jl j ≥ b

∑ j l j ≥ m(ω)
(6)

One should note that the resulting constraint is weaker than the original general pseudo-
Boolean constraint. More details for cardinality reduction can be found in [4], which presents
a stronger cardinality reduction.

3 Pseudo-Boolean Algorithms

Generally, pseudo-Boolean satisfiability (PB-SAT) algorithms follow the same structure as pro-
positional satisfiability (SAT) backtrack search algorithms. The search for a satisfying assign-
ment is organized by a decision tree (explored in depth first) where each node specifies an
assignment (also known as decision assignment) to a previously unassigned problem variable.
A decision level is associated with each decision assignment to denote its depth in the decision
tree.

Algorithm 1 shows the basic structure of a PB-SAT algorithm. The decide procedure cor-
responds to the selection of the decision assignment thus extending the current partial assign-
ment. If a complete assignment is reached, then a solution to the problem constraints has been
found. Otherwise, the deduce procedure applies Boolean Constraint Propagation (and possi-
bly other inference methods). If a conflict arises, i.e. a given constraint cannot be satisfied by
extending the current partial assignment, then a conflict analysis [11] procedure is carried out
to determine the level to which the search process can safely backtrack to. Moreover, a no-good
constraint is also added to the set of problem constraints.

The main goal of the conflict analysis procedure is to be able to determine the correct ex-
planation for a conflict situation and backtrack (in many cases non-chronologically) to a deci-
sion level such that the conflict does no longer occur. Moreover, a no-good constraint results
from this process. However, the strategy for no-good generation that results from the conflict
analysis differs between several state of the art PB-SAT solvers. These different strategies are
reviewed and analysed in section 4.

Another approach to PB-SAT is to encode the problem constraints into a propositional sat-
isfiability (SAT) problem [8] and then use a powerful SAT solver on the new formulation. Al-
though this approach is successful for some problem instances [8], in other cases the resulting
SAT formulation is much larger than the original PB formulation so that it provides a huge
overhead to the SAT solver.
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Algorithm 1 Generic Structure of Algorithms for PB-SAT Problem
while TRUE do

if decide() then
while deduce()=CONFLICT do

blevel← analyseConflict()
if blevel ≤ 0 then

return UNSATISFIABLE;
else

backtrack(blevel);
end if

end while
else

return SATISFIABLE;
end if

end while

4 Conflict Analysis

Consider that the assignment of a problem variable x j is inferred by Boolean Constraint Prop-
agation due to a PB constraint ωi. In this case, ωi is referred to as the antecedent constraint [11]
of the assignment to x j. The antecedent assignment of x j, denoted as Aω (x j), is defined as the
set of assignments to problem variables corresponding to false literals in ωi. Similarly, when
ωi becomes unsatisfied, the antecedent assignment of its corresponding conflict, Aω (k), will be
the set of all assignments corresponding to false literals in ω .

The implication relationships of variable assignments during the PB-SAT solving process
can be expressed as an implication graph [11]. In the implication graph, each vertex corresponds
to a variable assignment or to a conflict vertex. The predecessors of a vertex are the other
vertexes corresponding to the assignments in Aωi (x j). Next, several learning schemes are pre-
sented that result from analyzing the implication graph in a conflict situation.

4.1 Propositional Clause Learning

When a logical conflict arises, the implication sequence leading to the conflict is analysed to
determine the variable assignments that are responsible for the conflict. The conjunction of
these assignments represents a sufficient condition for the conflict to arise and, as such, its
negation must be consistent with the PB formula [11]. This new constraint (known as the
conflict constraint), is then added to the PB formula in order to avoid the repetition of the same
conflict situation and thus pruning the search space.

When an assignment to a problem variable x j is implied by a PB constraint ωi, one can see
it as the conjunction of Aωi (x j) implying the assignment to x j. Moreover, when a constraint
implies a given assignment, the coefficient reduction rule can be used to eliminate all positive
and unassigned literals except for the implied literal. Hence, the conflict analysis used in SAT
solvers by applying a sequence of resolution steps in a backward traversal of the implication
graph can be directly applied to PB formulas [11]. Additionally, techniques such as the detec-
tion of Unique Implication Points (UIPs) [11, 18] can also be directly used in PB-SAT conflict
analysis. As a result, a new propositional clause is generated and added to the original formula.

In the last pseudo-Boolean solver evaluation, some PB solvers used this approach, namely
bsolo [10] and PBS4 (an updated version of the original PBS solver [1]). This strategy is simple
to implement in PB solvers, since it is a straightforward generalization of the one used in SAT
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solvers. Moreover, considering the use of lazy data structures [12] for clause manipulation,
the overhead of adding a large number of clauses during the search is smaller than with other
types of constraints.

4.2 Pseudo-Boolean Constraint Learning

The use of PB constraint learning is motivated by the fact that PB constraints are more expres-
sive. It is known that a single PB constraint can represent a large number of propositional
clauses. Therefore, the potential pruning power of PB conflict constraints is much larger than
that of propositional clauses.

The operation on PB constraints which corresponds to clause resolution is the cutting plane
operation (section 2.2). As such, to learn a general PB constraint, the conflict analysis algorithm
must perform a sequence of cutting plane steps instead of a sequence of resolution steps. In
each cutting plane step one implied variable is eliminated. As with the clause learning conflict
analysis, a backward traversal of the implication graph is performed and the implied variables
are considered in reverse order. The procedure stops when the conflict constraint is unit at a
previous decision level (1UIP cut) [18].

After the conflict analysis, the algorithm uses the learned constraint to determine to which
level it must backtrack as well as implying a new assignment after backtracking. Therefore, the
learned constraint must be unsatisfied under the current assignment. Moreover, it must also be
an assertive constraint (must become unit after backtracking).

Consider the application of a cutting plane step to two arbitrary constraints ω1 with slack
s1 and ω2 with slack s2. Moreover, consider that α and β are used as the multiplying factors.
In this situation, the slack of the resulting constraint, here denoted by sr, is given by linearly
combining the slacks of ω1 and ω2: sr = (α · s1)+(β · s2). As such, before the application of each
cutting plane step, the learning algorithm verifies if the resulting constraint is still unsatisfied
under the current assignment. If it is not, the implied constraint must be reduced to lower its
slack [4, 17]. This process is guaranteed to work since the repeated reduction of constraints will
eventually lead to a simple clause with slack 0.

Algorithm 2 presents the pseudo-code for computing the conflict-induced PB constraint
ω(k). This algorithm performs a sequence of cutting plane steps, starting from the unsatisfied
constraint ω(c). Notice that this algorithm can also implement a clause learning scheme. In this
case, functions reduce1 and reduce2 remove all non-negative literals in ω(k) and ωi, respec-
tively, except for the implied literal. Next, these procedures can trivially reduce the obtained
constraint to a clause. In order to implement a general PB learning scheme, function reduce2
must eliminate only enough non-negative literals in ωi to guarantee that after the cutting plane
step, the resulting constraint remains unsatisfied at the current decision level.

4.3 Other Learning Schemes

Learning general PB constraints slows down the deduction procedure because the watched
literal strategy is not as efficient with general PB constraints as it is with clauses or cardinality
constraints [4, 16]. Note that in a clause, as well as in a cardinality constraint, it is only necessary
to watch a fixed number of literals, whereas in a general PB constraint the number of watched
literals varies during the execution of the algorithm.

The approach for cardinality constraint learning used in Galena [4] is based on the ap-
proach described for the general pseudo-Boolean learning scheme. The difference is that a
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Algorithm 2 Generic Pseudo-Boolean Learning Algorithm
// W corresponds to the set of constraints in the PB formula and ω(c) to the conflicting constraint
V ←{xi | x j corresponds to a false literal in ω(c) at current decision level};
ω(k)← reduce1(w(c))
while TRUE do

x j← removeNext(V );
ωi← implyingConstraint(x j);
if (wi 6= NULL ∧|V |> 1) then

ω ′i ← reduce2(ωi, ω(k));
ω(k)← cutResolve(ω(k), ω ′i , x j);
V ← V \{x j}∪{xk | xk corresponds to a false literal in ω ′i at current decision level}

else
ω(k)← reduce3(ω(k));
Add ω(k) to W ;
btLevel← assertingLevel(ω(k));
if btLevel < 0 then

return CONFLICT;
else

backtrack(btLevel);
return NO CONFLICT;

end if
end if

end while

post-reduction procedure is carried out so that the learned constraint is reduced into a weaker
cardinality constraint. In Algorithm 2 this would be done in function reduce3.

Finally, a hybrid learning scheme was already proposed and used in Pueblo [17]. The
authors noted that any solver which performs PB learning can be modified to additionally per-
form clause learning with no significant extra overhead. Moreover, despite the greater pruning
power of PB learning, clause learning has its own advantages: it always produces an assertive
constraint and it does not compromise as heavily the propagation procedure as general PB
learning. As such, in their solver Pueblo, they implement a hybrid learning method [17].

5 Implementation Issues

In implementing a pseudo-Boolean solver, several technical issues must be addressed. In this
section the focus is on generating the implication graph and on the use of cutting planes for PB
constraint learning.

5.1 Generating the Implication Graph

It is widely known that lazy data structures [12, 17] for constraint manipulation are essential
for the solver’s performance. Nevertheless, the order of propagation of variable assignments in
BCP has not been thoroughly studied. In the version of bsolo submitted to the last PB solver
evaluation (PB’07) [15], the order of propagation in the implication graph was depth-first. In
this paper it is shown that by changing it to a breadth-first propagation, bsolo was able to
solve a larger number of instances (see section 6).

When generating the implication graph in a breadth-first way, one can guarantee that there
is no other possible implication graph such that the length of the longest path between the
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decision assignment vertex and the conflict vertex is lower than the one considered. Therefore,
the learned constraint is probably determined using a smaller number of constraints. Moreover,
considering that in PB formulations the same constraint can imply more than one variable
assignment, the motivation for a breadth-first propagation is larger than in SAT formulations.

5.2 Dealing with Large Coefficients

When performing general PB Learning or any learning scheme that requires performing a se-
quence of cutting plane steps each time a conflict occurs, the coefficients of the learned con-
straints may grow very fast. Note that in each cutting plane step two PB constraints are linearly
combined. Given two constraints: ∑ j a j · l j ≥ b and ∑ j c j · l j ≥ d, the size of the largest coefficient
of the resulting constraint may be max{b · d,max j{a j} ·max j{c j}} in the worst case. Therefore,
it is easy to see that during a sequence of cutting plane steps the size of the coefficients of the
accumulator constraint may, in the worst case, grow exponentially in the number of cutting
plane steps (which is of the same order of the number of literals assigned at the current level).

One problem that may occur in the cutting plane operation is integer overflow. To avoid
this problem, a maximum coefficient size was established (we used 106). Therefore, every time
the solver performs a cutting plane step, all coefficients of the resulting constraint are checked
if one of them is bigger than the established limit. If it is, the solver repeatedly divides the con-
straint by 2 (followed by rounding) until its largest coefficient is lower than a second maximum
coefficient size (we used 105).

During the conflict analysis the accumulator constraint must always have negative slack.
However the division rule does not preserve the slack of the resulting constraint, since it does
not guarantee that the slack of the resulting constraint is equal to the slack of the original one,
which can be verified in the next example where the constraint is divided by 2, followed by
rounding:

3x1(0@1)+3x2(0@1)+3x3(1@1)+ x4(1@1)≥ 5 slack =−1
2x1(0@1)+2x2(0@1)+2x3(1@1)+ x4(1@1)≥ 3 slack = 0

As such, before dividing by 2 a coefficient associated with a slack contributing literal, the solver
must check if it is odd. In this case it must perform a coefficient reduction step before the
division (note that the coefficient reduction rule when applied to slack contributing literals
preserves the slack).

3x1(0@1)+3x2(0@1)+3x3(1@1)+ x4(1@1)≥ 5 slack =−1
3x1(0@1)+3x2(0@1)+2x3(1@1)≥ 3 slack =−1
2x1(0@1)+2x2(0@1)+ x3(1@1)≥ 2 slack =−1

5.3 An Initial Classification Step

After implementing different learning schemes, it was observed that each of the versions proved
to be more effective than the others for some group of instances. One can easily conclude that
different learning schemes behave better (or worse) depending on some characteristics of the
instances given as input. For instance, a cardinality constraint learning scheme is more ap-
propriate to deal with an instance with a large number of cardinality constraints than a clause
learning scheme.

Our goal was then to try to define an initial classification step that could choose the best
fitting learning scheme to solve a given problem instance. Therefore, in a very preliminary
work, algorithm C4.5 [13] was used to generate a decision tree that given a problem instance,
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determines which learning scheme is more appropriate to it. The classification of each instance
was done according to structural attributes of the formula, namely number of variables, literals,
types of constraints, among others.

6 Experimental Results

This section presents the experimental results of applying different learning schemes to the
small integer non-optimization benchmarks from the PB’07 evaluation [15]. All the learning
schemes were implemented on top of bsolo, a state of the art PB solver. Experimental results
were obtained on a Intel Xeon 5160 server (3.0Ghz, 4GB memory) running Red Hat Enterprise
Linux WS 4. The CPU time limit for each instance was set to 1800 seconds.

In Table 1, results for several learning schemes are presented. Each line of the table repre-
sents a set of instances depending on their origin or encoded problem. Each column represents
a version of bsolo for a different learning scheme. Finally, each cell denotes the number of
benchmark instances that were found to be satisfiable/unsatisfiable/unknown.

The basis for our work was the bsolo version submitted to PB’07 solver evaluation. This
version implements a clause learning scheme and is identified with CL1. Version CL2 corre-
sponds to the previous version, but with a breadth-first approach for generating the implication
graph. Next, results for the general PB learning scheme PB and cardinality learning scheme
CARD are presented. One should note that both the PB and CARD learning schemes are hybrid
(as in Pueblo) and always learn an assertive clause. Preliminary results on pure PB and cardi-
nality learning schemes were not as effective as an hybrid learning scheme. In version COMB,
an initial classification step was used in order to select the best fitting learning scheme for each
instance (see section 5.3). The training set for the COMB version was composed of 100 instances
(out of the total of 371 instances).

It can be observed from Table 1 that the original solver was greatly improved just by chang-
ing the propagation order. Version CL2 was able to solve more 17 instances, most of them in
the tsp benchmark set. Both the PB and CARD learning schemes improve on the original ver-
sion of the solver. However, in the PB version, the overhead associated with maintaining the
additional no-good PB constraints is a drawback, in particular on the FPGA and pigeon hole
instances. Overall, the CARD learning scheme performs much better, proving to be a nice com-
promise between pruning power of the generated constraints, and the underlying overhead of
constraint manipulation. Finally, the COMB version shows that a combination of all these learn-
ing schemes allows an even better performance. Finally, one should note that improvements
are essentially on unsatisfiable instances. The gain on satisfiable instances is smaller.

In Table 2, the results of the best known solvers can be checked and compared with bsolo.
Pueblo is able to solve 6 more instances than the current version of bsolo. By using a hybrid
learning scheme, Pueblo seems to have found a nice balance between the additional overhead
of new no-good constraints (mostly clauses) and the pruning power of new no-good PB con-
straints. Nevertheless, the work presented in this paper shows that bsolo can be competitive
in a large set of problem instances.

In the Pseudo-Boolean Optimization (PBO) problem, the objective is to find an assignment
such that all constraints are satisfied and a linear cost function is optimized. PB solvers can
be easily modified [2] in order to also tackle this problem. Table 3 presents the results of the
new version of bsolo in comparison with other solvers. Each cell contains the following in-
formation: the number of instances for which the optimum value was found, the number of
satisfiable but non-optimal solutions, the number of unsatisfiable instances and the number of
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Table 1: Results for all different learning schemes on non-optimization benchmarks
Benchmark CL1 CL2 CARD PB COMB

armies 5/0/7 4/0/8 6/0/6 5/0/7 7/0/5
dbst 15/0/0 15/0/0 15/0/0 15/0/0 15/0/0
FPGA 36/2/19 36/2/19 36/21/0 35/1/21 36/21/0
pigeon 0/2/18 0/2/18 0/19/1 0/1/19 0/19/1
prog. party 4/0/2 3/0/3 4/0/2 4/0/2 3/0/3
robin 3/0/3 4/0/2 2/0/4 4/0/2 4/0/2
tsp 40/33/27 40/50/10 40/44/16 40/43/17 40/49/11
uclid 1/39/10 1/40/9 1/43/6 1/43/6 1/41/8
vdw 1/0/4 1/0/4 1/0/4 1/0/4 1/0/4
wnqueen 32/68/0 32/68/0 32/68/0 32/68/0 32/68/0
Total 137/144/90 136/162/73 137/195/39 137/156/78 139/198/34

Table 2: Comparison with other solvers on non-optimization benchmarks
Benchmark bsolo Pueblo minisat+ PBS4
armies 7/0/5 6/0/6 8/0/4 9/0/3
dbst 15/0/0 15/0/0 7/0/8 15/0/0
FPGA 36/21/0 36/21/0 33/3/21 26/21/10
pigeon 0/19/1 0/13/7 0/2/18 0/20/0
prog. party 3/0/3 6/0/0 5/0/1 3/0/3
robin 4/0/2 3/0/3 4/0/2 3/0/3
tsp 40/49/11 40/60/0 39/46/15 40/52/8
uclid 1/41/8 1/42/7 1/46/3 1/44/5
vdw 1/0/4 1/0/4 1/0/4 1/0/4
wnqueen 32/68/0 32/68/0 32/68/0 32/68/0
Total 139/198/34 140/203/28 130/165/76 130/205/36

unknown instances. Clearly, bsolo is able to prove optimality for a larger number of instances
than other solvers. Additionally, due to the new learning schemes, bsolo is also able to find a
larger number of non-optimal solutions.

7 Conclusions

Considering the disparity of results concerning the application of learning schemes in several
state of the art PB solvers, the main goal of this work is to provide a contribution by imple-
menting them in the same platform. Our results confirm that hybrid learning schemes perform
better on a large set of instances. Moreover, our results show that cardinality constraint learning
is more effective and robust learning scheme than others. It obtained much better results than
the original clause learning scheme and also on our implementation of the PB hybrid learning
scheme included in Pueblo. In our opinion, cardinality constraints are easier to propagate
than PB constraints and are also more expressive than clauses. Therefore, this learning scheme
seems a reasonable compromise between PB learning and pure clause learning.
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[5] V. Chvátal. Edmonds polytopes and a hierarchy of combinatorial problems. Discrete Mathematics,
4:305–337, 1973.

[6] M. Davis, G. Logemann, and D. Loveland. A machine program for theorem-proving. Communica-
tions of the Association for Computing Machinery, 5:394–397, July 1962.

[7] H. Dixon, M. Ginsberg, E. Luks, and A. Parkes. Generalizing Boolean Satisfiability I: Background
and survey of existing work. Journal of Artificial Intelligence Research, 21:193–243, 2004.
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Abstract

The ability to find non-trivial consequences of an axiom set is useful in many applications of
AI such as theorem proving, query answering and nonmonotonic reasoning. SOL (Skip Ordered
Linear) calculus is one of the most significant calculi for consequence finding, which is complete for
finding the non-subsumed consequences of a clausal theory. In this paper, we propose new complete
pruning methods and a practical search strategy for SOL tableaux. These methods are indispensable
for practical use in many application areas. The experimental results show that these techniques
improve the performance of consequence finding process greatly.

1 Introduction

The task of consequence finding [8] is to discover hidden theorems of a given axiom set. These theorems
to be found are not given in an explicit way, but are only characterized by some desired properties. Thus,
consequence finding is clearly distinguished from proof finding or theorem proving. One of the most
significant calculi for consequence finding is the SOL (Skip Ordered Linear) calculus[1], which is com-
plete for finding the non-subsumed consequences of a clausal theory. There are many application areas
of SOL calculus such as nonmonotonic reasoning, abduction [1, 2], induction [3], default reasoning [4]
and query answering [7, 6]. The original SOL-resolution calculus can be viewed as extending Love-
land’s model-elimination calculus [11] with a so-called Skip operation. Iwanuma et al. [5] subsequently
reformulated SOL-resolution within the framework of connection tableaux [9, 10] and proposed several
pruning methods [5, 6].

In this paper, we propose two kinds of new complete pruning methods for SOL tableau calculus,
local failure caching for length condition and skip-minimality. The former is an extension of local failure
caching [9, 10, 5] which is an excellent pruning technique for connection tableau calculus. The extension
ensures the completeness of the calculus in case we are only interested in consequences up to a given
maximal length. A user usually prefers short and simple consequences rather than long and complicated
ones. Moreover, limiting the length of consequences has the effect of reducing the search space vastly.
In such a situation, our proposed method accelerates the performance of the consequence finding process
significantly. The latter method, Skip-minimality, restrains the use of the Skip operation and prunes many
redundant SOL derivations. In addition, we describe a new practical search strategy, called consequence
iterative lengthening (CIL), which has the effect of finding short and simple consequences preferentially
in a limited time. We demonstrate the effectiveness of these methods by the experimental evaluation.

The remainder of this paper is organized as follows: Section 2 reviews the SOL tableau calculus.
Section 3 and 4 introduces new pruning methods and a search strategy for consequence finding, respec-
tively. Section 5 shows the experimental evaluation. Section 6 concludes with a summary and discussion
of future work.

Rudnicki P, Sutcliffe G., Konev B., Schmidt R., Schulz S. (eds.);
Proceedings of the Combined KEAPPA - IWIL Workshops, pp. 113- 122
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2 SOL Tableaux for Consequence Finding

This section reviews the SOL tableau calculus [5]. This paper assumes a first-order language (without
equality). We write ⊆ms to denote the inclusion relation over multisets which is defined as usual. When
C and D are clauses, C subsumes D if there is a substitution ! such that C! ⊆ms D. We say C properly
subsumes D if C subsumes D but D does not subsume C. For a set " of clauses, µ" denotes the set of
clauses in " not properly subsumed by any clause in ".

Definition 1. A production field P is a pair 〈L,Cond 〉, where L is a set of literals closed under instanti-
ation, and Cond is a certain condition to be satisfied. If Cond is not specified, P is just denoted as 〈L〉.
A clause C belongs to P = 〈L,Cond 〉 if every literal in C belongs to L and C satisfies Cond. For a set of
clauses ", the set of logical consequences of " belonging to P is denoted as ThP("). A production field
P is stable if, for any two clauses C and D such that C subsumes D, the clause D belongs to P only if
C belongs to P .

Example 1. LetL =L +∪L − be the set of all literals in the first-order language, whereL+ and L −

are the positive and negative literals in the language, respectively. The following are examples of stable
production fields.

(a) P1 = 〈L 〉: ThP1(") is the set of logical consequences of ".

(b) P2 = 〈L −, length is less than k 〉: ThP2(") is the set of negative clauses implied by " consisting of
less than k literals.

In contrast, P3 = 〈L, length is greater than k 〉 is not a stable production field. For example, if k = 2
and L= {p(a),q(b),¬r(c)}, then C = p(a)∨q(b) subsumes D= p(a)∨q(b)∨¬r(c), and D belongs to
P3 while C does not.

Note that the empty clause ! is the unique clause in µThP(") iff " is unsatisfiable. This means that
proof finding is a special case of consequence finding. Stable production fields are practically important
[1]. In the condition Cond, we can specify the maximum length of each clause, the maximum term depth
of any literal in a clause, and so on.

Definition 2. A clausal tableau T is a labeled ordered tree, where every non-root node of T is labeled
with a literal. We identify a node with its label (i.e., a literal) if no confusion arises. If the immediate
successors of a node are literals L1, . . . ,Ln, then L1 ∨ ·· ·∨ Ln is called a tableau clause. The tableau
clause below the root is called the start clause. T is a clausal tableau for a set " of clauses if every
tableau clause C in T is an instance of a clause D in ". In this case, D is called an origin clause of C.
A connection tableau is a clausal tableau such that, for every non-leaf node L except the root, there is
an immediate successor labeled with L. A marked tableau T is a clausal tableau such that some leaves
are marked with labels closed or skipped. The unmarked leaves are called subgoals. A node N in T
is said to be solved if either N itself is a marked leaf node or all leaf nodes of branches through N of T
are marked. T is solved if all leaves are marked. skip(T ) denotes the set of literals of nodes marked with
skipped.

Notice that skip(T ) is a set, not a multiset. skip(T ) is also identified with a clause. We will abbreviate
a marked connection tableau as a tableau.

Definition 3. A tableau T is regular if no two nodes on any branch in T are labeled with the same literal.
T is tautology-free if no tableau clause in T is tautology. T is complement-free if no two non-leaf nodes
on any branch in T are labeled with complementary literals. A tableau T is skip-regular if there is no
node L in T such that L ∈ skip(T ). T is TCS-free (Tableau Clause Subsumption free) for a clause set "
if no tableau clause C in T is subsumed by any clause in " other than the origin clauses.
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Notice that the skip-regularity applies to all over a tableau, so it is effective not only for subgoals but
also for non-leaf and solved nodes.

Definition 4 (Selection Function [5]). A selection function # is a mapping assigning a subgoal to every
tableau that is not solved. # is said to be depth-first if # selects from any tableau T a subgoal with a
maximum depth. # is stable under substitution if, for any tableau T and any substitution $ , #(T ) =
#(T$) holds.

Selection functions are assumed to be stable under substitution in this paper.

Definition 5 (SOL Tableau Calculus [5]). Let " be a set of clauses, C a clause, P a production field
and # a selection functions. An SOL-deduction deriving a clause S from "+C and P via # consists of
a sequence of tableaux T0,T1, . . . ,Tn satisfying that:

(i) T0 consists of the start clause C only. All leaf nodes of T0 are unmarked.

(ii) Tn is a solved tableau, and skip(Tn) = S.

(iii) For each Ti (i= 0, . . . ,n), Ti is regular, tautology-free, complement-free, skip-regular, and TCS-free
for "∪{C}.

(iv) For each Ti (i= 0, . . . ,n), the clause skip(Ti) belongs to P .

(v) Ti+1 is constructed from Ti as follows. Select a subgoal K by # , then apply one of the following
rules to Ti to obtain Ti+1:

(a) Skip: If skip(Ti)∪{K} belongs to P , then mark K with label skipped.
(b) Skip-factoring: If skip(Ti) contains a literal L, and K and L are unifiable with mgu ! , then

mark K with skipped, and apply ! to Ti.
(c) Extension: Select a clause B from "∪ {C} and obtain a variant B′ = L1 ∨ ·· ·∨ Lm by

renaming. If there is a literal Lj such that K and Lj are unifiable with mgu ! , then attach new
nodes L1, . . . ,Lm to K as the immediate successors. Next, mark Lj with closed and apply !
to the extended tableau.

(d) Reduction: If K has an ancestor node L, and K and L are unifiable with mgu ! , then mark
K with closed, and apply ! to Ti.

Theorem 1 (Soundness and Completeness of SOL [5]). (1) If there is an SOL-deduction of a clause S
from "+C and P via # , then S belongs to ThP("∪{C}).

(2) If a clause F does not belong to ThP(") but belongs to ThP("∪ {C}), then there is an SOL-
deduction of a clause S from "+C and P via #such that S subsumes F.

Example 2. We define a start clause C, a set " of clauses and a production field P as follows. Let # be
a selection function.

C = p(X)∨ s(X),
"= {q(X)∨¬p(X), ¬s(Y ), ¬p(Z)∨¬q(Z)∨ r(Z)},

P = 〈L +, length is less than 2〉.

Figure 1 shows three solved tableaux that are derived by SOL-deductions from "+C and P via # .
In the tableau Ta, the node p(X) is skipped since the positive literal p(X) belongs to P , and s(X)
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p(X) s(X)

~p(X)q(X)
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Figure 1: Solved tableaux of Example 2

is extended by using the unit clause ¬s(Y ). Note that s(X) cannot be skipped since the production
field P limits the maximum length of consequences to one. The derived consequence is skip(Ta) =
{p(X)}. Tb shows the other derived tableau whose node p(X) is extended by q(X)∨¬p(X), and the
node q(X) is skipped. The consequence of Tb is skip(Tb) = {q(X)}. In Tc, the nodes p(X) and q(X) are
extended by q(X)∨¬p(X) and ¬p(Z)∨¬q(Z)∨ r(Z) respectively. The bottom node ¬p(X) is closed by
reduction with the ancestor p(X), and r(X) is skipped. The consequence is skip(Tc) = {r(X)}. There
are some redundant solved tableaux other than Ta, Tb and Tc. The consequences of those are subsumed
by p(X), q(X) or r(X)1. As the results, we can get three new characteristic clauses in this example:
Newcarc(",C,P) = {p(X),q(X),r(X)}.

3 Pruning Methods for SOL Tableau Calculus

3.1 Local Failure Caching for Length Condition

Local failure caching [9, 10] is an excellent pruning method for refutation finding which can avoid solv-
ing repetitiously a subgoal with the same or a more specific substitution. Iwanuma et al. [5] reformulated
the local failure caching for consequence finding. This procedure is complete if a production field does
not imply a maximum length condition. We review the procedure and then show a counter example. We
first define the SOL search tree to explicitly express all possible SOL-deductions.

Definition 6. The SOL search tree from "+C and P via # is a tree T labeled with tableaux as follows.
We identify a node with its label (i.e., a tableau) if no confusion arises. The root of T is a tableau which
consists of the start clause C only. Every non-leaf node T in T has as many successor nodes as there
are successful applications of a single inference step applied to the selected subgoal in T by # , and the
successor nodes of T are the respective resulting tableaux. A segment of T is a subtree that contains the
nodes explored by # from the root to some node.

1The new pruning method skip-minimality proposed in Section 3.2 can prune such redundant tableaux.
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Definition 7 (Solution and Failure Substitution). Given a SOL search tree T and a depth-first selection
function. Let T be a tableau in T and K the selected subgoal in T .

1. If T ′ in T is a descendant tableau of T such that all branches through K in T′ are solved, then the
composition $ = $1 · · ·$k of substitutions applied to the tableau T on the way from T to T′ is called
a solution of K at T via T ′.

2. If T ′ is an initial segment of T containing no proof at T′ or below it, then the solution $ is named a
failure substitution for K at T in T ′.

Definition 8 (Local Failure Caching Procedure for Consequence Finding [5]). Let T ′ be a finite initial
segment of a tableau search tree T .

Step 1: Whenever a subgoal K in a tableau T in T ′ has been solved via a tableau T′, then the computed
solution $ is stored at the node K.

a. If T ′ cannot be completed to a solved tableau in T ′ and the proof procedure backtracks over
T ′, then $ is turned into a failure substitution.

b. If T ′ once has been completed in T ′ at a previous stage and the proof procedure back-
tracks over T ′ for searching alternative consequences, then continue the backtracking, with-
out adding $ to the failure substitutions.

Step 2: In any alternative solution process of the subgoal K below the search node T , if a substitution
% = %1 · · ·%m is computed such that one of the failure substitutions stored at the node K is more
general than % , then the proof procedure immediately backtracks.

Step 3: When the search node T (at which K was selected) is backtracked, then all failure substitutions
at K are deleted.

We show a counter example for the completeness of the above procedure.

Example 3. We define a start clauseC= p(X)∨q(X)∨r(X), a set of clauses "= {¬q(X)∨s(X), ¬s(Y )},
and a production field P = 〈L+, length is less than 3 〉. We consider finding consequences from this
problem. We can apply the Skip operation to p(X) and q(X) in the start clause since they are positive.
But we cannot close r(X), because the maximum length of consequences is limited to two (see T1 in
Figure 2). In this case, the local failure caching procedure stores an empty failure substitution $ = /0 at
the node q(X). Since /0 is the most general substitution, all the other applicable operations to q(X) are
pruned immediately. As the result, we cannot solve this problem and get any consequences. However,
if we do not use the local failure caching, we can obtain the consequence p(X)∨ r(X) from the solved
tableau T2 in Figure 2. Hence, the local failure caching is incomplete if there exists a maximum length
condition.

The cause of incompleteness is that the procedure does not consider skipped nodes. We extend the
definitions of solution and failure substitution, and propose a complete procedure, called local failure
caching for length condition.

Definition 9 (Extended Solution and Failure Substitution). Given a tableau search tree T and a depth-
first selection function. Let T be a tableau in T and K the selected subgoal in T .

1. If T ′ in T is a descendant tableau of T such that all branches through K in T′ are solved, then the
pair 〈$ ,s〉, where $ is the composition $ = $1 · · ·$k of substitutions applied to the tableau T on the
way from T to T ′ and s= skip(T ′), is called an extended solution of K at T via T′.
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Figure 2: A counter example of local failure caching for consequence finding

2. If T ′ is an initial segment of T containing no proof at T′ or below it, then the extended solution
〈$ ,s〉 is named an extended failure substitution for K at T in T ′.

For two extended failure substitutions 〈$ ,s1〉 and 〈% ,s2〉, 〈$ ,s1〉 is more general than 〈% ,s2〉 if ∃!($! =
% ∧ s1! ⊆ s2), that is, $ is more general than % and s1 subsumes s2. If P does not have a maximum
length condition, then we simply ignore the latter condition, that is, 〈$ ,s1〉 is more general than 〈% ,s2〉
if ∃!($! = %).

Definition 10 (Local Failure Caching Procedure for Length Condition). The definition is same as Def-
inition 8 except for replacing terms of “solution” and “failure substitution” with “extended solution”
and “extended failure substitution” respectively.

The completeness of the local failure caching for length condition is given by the following proposi-
tion.

Proposition 1. LetT be a tableau search tree, T a tableau inT , K the selected subgoal in T , and Ta,Tb
descendant tableaux of T . Suppose that 〈$ ,s1〉 is the extended failure substitution for K at T via Ta, and
〈% ,s2〉 is the extended solution of K at T via Tb generated by an alternative process. If Tb has a solved
tableau Tbs as a descendant node in T , then 〈$ ,s1〉 is not more general than 〈% ,s2〉.

Proof. We prove the completeness by a reductio-ad-absurdum. We assume that 〈$ ,s1〉 is more general
than 〈% ,s2〉, that is, ∃!($! = % ∧ s1! ⊆ s2). Let Sa and Sbs be the subtableaux with root K in Ta and
Tbs respectively (see Figure 3). Then, we replace Sbs in Tbs with Sa! , and denote the resulting tableau as
T ′
bs, which is solved and satisfies the maximum length condition. The reason is as follows. Let N be
the set of selected subgoals on the way to Tbs after Tb. We extract the set N f of nodes from N which
are skipped by the Skip-factoring operation. There might exist the skipped nodes in Nf which have the
factoring target in Sbs but not in Sa! . However, the number of such nodes is at most |s2 \ s1! | since
s1! ⊆ s2. Therefore, we can apply the Skip operation instead of the Skip-factoring to such nodes. As the
results, skip(T ′

bs) satisfies the maximum length condition.
This means that if the subtableau Sa was solved with the substitution $! instead of $ , then there

should exist a solved tableau in T below Ta. Hence, if Sa is solved with the more general substitution $ ,
then there must be a solved tableau in T below Ta. But this contradicts the assumption of 〈$ ,s1〉 being
a failure substitution.

We consider solving Example 3 by using local failure caching for length condition. Since we cannot
close r(X) in T1, the extended failure substitution 〈 /0,{p(X),q(X)}〉 is stored to the node q(X). When the
alternative process solves q(X) using two extension operations (see T2 in Figure 2), the extended solution
substitution 〈 /0,{p(X)}〉 is stored to q(X). Now, 〈 /0,{p(X),q(X)}〉 is not more general than 〈 /0,{p(X)}〉
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Figure 3: Completeness of local failure caching for length condition

because {p(X),q(X)} +⊆ {p(X)}. Hence, we can obtain the solved tableau T2 by skipping r(X) and get
the consequence p(X)∨ r(X).

Since the Skip operation never instantiates a tableau, local failure caching is significantly effective
for the SOL tableau calculus. Moreover, using the maximum length condition is important for finding
simple and short consequences in practical time. In such a situation, local failure caching for length
condition is an essential technique for practical use.

3.2 Skip-minimality

The task of consequence finding is to find all minimal consequences with respect to subsumption. This
means that even if we find a solved tableau, we have to continue searching other solved tableaux for
finding all minimal consequences. In proof finding, we can halt the computational process immediately
if one refutation is found. This is an important difference between consequence finding and proof finding.
Of course, if a refutation is found in a consequence finding process, then we can stop the computation
immediately since the refutation is the most general consequence.

Skip-minimality improves the efficiency of such a consequence enumeration process. This method
can prune unsolved tableaux which will generate only non-minimal consequences with respect to sub-
sumption by using the consequences derived from already solved tableaux.

Definition 11 (Skip-Minimality). Let & be a set of clauses. A tableau T is skip-minimal for & if the
clause skip(T ) is not properly subsumed by any clause in &.

Suppose that & is a set of consequences derived by some SOL-deductions in a consequence enumer-
ation process. If a tableau T is not skip-minimal for &, then T and all its descendant tableaux can be
pruned immediately. Skip-minimality is complete since the four kinds of operations in Definition5 never
generalize skip(T ). If we find general and short consequences in early stages, then skip-minimality is
very effective since it prevents generating many redundant tableaux.

4 Search Strategy

Limiting the maximum length of consequences is important. When there is no limit, the branching factor
of a SOL search tree increases and the size of the tree grows exponentially. However, it is difficult to
know the appropriate length condition in advance. One of the solutions is to execute a search process with
incrementing the maximum length limit iteratively, like DFID (depth-first iterative deepening) search
strategy.
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We propose the consequence iterative lengthening (CIL) strategy. Let P be a consequence enumer-
ation process and l a length limit of consequences (initially l = 0). CIL strategy executes the process P
with the length limit l repeatedly, incrementing l for each iteration. If l reaches a given limit or satisfies
the condition s< l, then the iteration stops, where s is the maximum number of used Skip operations in
every tableau.

Since CIL strategy visits the same tableaux in a SOL search tree multiple times, it may seem wasteful.
However, it turns out to be not so costly, because the number of tableaux in the SOL search tree increases
exponentially in proportion to incrementing the length limit of consequences. We show the property of
CIL strategy in Section 5 experimentally.

5 Experimental Results

We have implemented skip-minimality, local failure caching for length condition and CIL strategy in
SOLAR [12] which is a Java implementation of the SOL tableau calculus. Table 1 shows the experi-
mental results for our proposed methods. We used some problems in the TPTP library v2.5.0 [14] as
consequence finding problems, which are satisfiable instances (for example, “BOO008-3.p” is the file
name of the problem). There are 1,092 satisfiable problems in the library and 24 categories contain such
satisfiable instances. We selected 10 categories and chose one satisfiable problem from each category.
We defined a production field in each problem as 〈L , length ≤ x〉, whereL is the set of all literals and
the length condition is given as “len ≤ x” in Table 1. “dep ≤ y” means that we limited the maximum
depth of tableaux to y. “sr”, “sm” and “lfc” denote skip-regularity, skip-minimality and local failure
caching for length condition respectively. “#C.” and “#Steps” are the number of found consequences
and the total number of derived tableaux (that is the number of nodes in a SOL search tree) respectively.
The experiments were done on a Core Duo (1.66GHz) machine with 2GB memory. “t.o.” means that the
problem could not solve within 600 CPU seconds.

Table 1 shows that our proposed pruning methods have a great ability for reducing the search space
and improving the speed. In particular, skip-minimality is very effective for solving GRP123-1.005. If
we do not use skip-minimality to solve the problem, then we cannot solve the problem within 600 CPU
seconds. In MSC009-1 and NLP026-1, local failure caching for length condition shows a high pruning
effect. In BOO008-3 and LCL168-1, skip-minimality is not effective because the current implementation
of clause-subsumption checking in SOLAR is naive. The improvement of the clause-subsumption check
algorithm is one of the important future work. The rightmost row of Table1 indicates that CIL strategy
has almost no overhead. For example, in KRS005-1, CIL executes DFID five times with the maximum
length limit of consequences from 0 to 4. However, the number of inferences and execution time are not
so different than DFID without CIL.

6 Conclusion and Future Work

We have proposed new complete pruning methods and a search strategy for SOL tableau calculus. Local
failure caching for length condition and skip-minimality can avoid producing many redundant tableaux.
CIL is helpful to a user for finding short and simple consequences preferentially in a limited time. The
completeness of local failure caching for length condition supports CIL strategy, and the pruning power
of skip-minimality is promoted by CIL since it generates short consequences in early stages.

Currently, SOLAR does not have a special mechanism for handling equality. In order to solve a
problem with equality efficiently, the development of the complete equality handling mechanism for
consequence finding is one of the important future work.
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Table 1: Experimental results
Problem Params Pruning #C DFID DFID + CIL

Methods #Steps Time [sec] #Steps Time [sec]

BOO008-3.p

none 831 308,437 2.3 355,371 2.4
dep ≤ 3 sr 831 303,424 2.3 350,358 2.5

sm 831 308,437 7.2 355,371 7.4
len ≤ 5 lfc 831 299,195 2.4 342,711 2.5

all 831 295,944 7.3 339,460 7.7

GRP123-1.005.p

none - - t.o. - t.o.
dep ≤ 5 sr - - t.o. - t.o.

sm 65 822,283 4.5 935,057 4.9
len ≤ 1 lfc - - t.o. - t.o.

all 65 784,888 4.8 897,662 5.2

HWV034-1.p

none 4 7,187,849 18.3 7,409,286 18.8
dep ≤ 10 sr 4 4,392,088 11.6 4,571,153 12.1

sm 4 6,686,239 17.6 6,907,676 18.1
len ≤ 3 lfc 4 4,733,454 14.2 4,952,443 15.1

all 4 3,112,295 10.6 3,288,912 11.0

KRS005-1.p

none 131 160,767,095 438.5 165,203,316 441.4
dep ≤ 4 sr 131 44,631,879 136.2 46,621,089 136.4

sm 131 46,303,085 139.3 47,444,019 141.5
len ≤ 4 lfc 131 106,297,270 319.2 110,027,318 333.5

all 131 8,730,512 36.8 9,166,063 37.9

LCL168-1.p

none 2,091 39,103 33.3 40,752 33.4
dep ≤ 5 sr 2,091 38,615 33.5 40,264 33.6

sm 2,091 39,103 35.4 40,752 35.6
len ≤ 1 lfc 2,091 38,629 33.4 40,278 33.8

all 2,091 38,141 35.5 39,790 36.0

MSC009-1.p

none 43 11,160,097 23.4 11,442,019 24.7
dep ≤ 4 sr 43 7,453,146 16.7 7,705,908 17.0

sm 43 8,835,505 20.1 9,117,427 20.4
len ≤ 4 lfc 43 4,786,900 12.0 4,915,009 12.2

all 43 1,992,519 6.4 2,107,194 6.7

NLP026-1.p

none 15 129,692,801 301.8 130,198,526 307.0
dep ≤ 5 sr 15 72,182,022 178.0 72,667,948 176.5

sm 15 129,025,421 309.8 129,531,146 305.0
len ≤ 2 lfc 15 8,218,827 23.7 8,716,795 25.6

all 15 6,391,292 20.8 6,870,050 22.8

PUZ001-3.p

none 26 34,997,018 134.7 39,946,809 145.8
dep ≤ 10 sr 26 14,845,990 59.6 17,823,280 66.4

sm 26 731,711 3.8 1,157,985 5.0
len ≤ 3 lfc 26 33,799,877 143.4 38,495,682 154.7

all 26 458,832 3.2 759,780 4.3

SET777-1.p

none 3 3,906,678 9.3 3,994,168 9.6
dep ≤ 6 sr 3 1,118,100 3.4 1,158,829 3.5

sm 3 3,502,145 8.5 3,583,800 8.7
len ≤ 2 lfc 3 2,251,658 7.1 2,302,211 7.3

all 3 656,933 2.8 680,619 2.9

SYN084-1.p

none 5 1,335,866 7.0 1,622,436 8.0
dep ≤ 3 sr 5 1,210,436 6.9 1,486,172 7.8

sm 5 328,239 2.5 441,974 2.7
len ≤ 4 lfc 5 1,335,866 7.3 1,621,274 8.2

all 5 285,808 2.4 395,557 2.7
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Ray and Inoue [13] have proposed a transformation method for unstable production fields, which
converts these into stable ones. This method greatly helps to define a desired production field and to
prune an unnecessary search space.
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Abstract

Z3 [3] is a state-of-the-art Satisfiability Modulo Theories (SMT) solver freely available from
Microsoft Research. It solves the decision problem for quantifier-free formulas with respect to com-
binations of theories, such as arithmetic, bit-vectors, arrays, and uninterpreted functions. Z3 is used
in various software analysis and test-case generation projects at Microsoft Research and elsewhere.
The requirements from the user-base range from establishing validity, dually unsatisfiability, of first-
order formulas; to identify invalid, dually satisfiable, formulas. In both cases, there is often a need
for more than just a yes/no answer from the prover. A model can exhibit why an invalid formula
is not provable, and a proof-object can certify the validity of a formula. This paper describes the
proof-producing internals of Z3. We also briefly introduce the model-producing facilities. We em-
phasize two features that can be of general interest: (1) we introduce a notion of implicit quotation
to avoid introducing auxiliary variables, it simplifies the creation of proof objects considerably; (2)
we produce natural deduction style proofs to facilitate modular proof re-construction.

1 Introduction

The title of our paper borrows from Imre Lakatos’s famous book on conjectures, proofs and refutations
in informal mathematics [7], yet our setting is machine checked proofs, that are penultimately given in a
context of formal systems where proofs are derived from axioms. Proofs in our context are derivations
from axioms, or derivations in theories that have solvers, implemented using efficient algorithms that
need only produce derivations implicitly. Part of the challenge is that efficiently and compact checkable
proofs, or certificates, are to be extracted from the solvers. Refutations, also called models, are counter-
examples, that exhibit interpretations for formulas that do not follow from asserted axioms. Models are
also extracted from solvers.
Applications of SMT solvers that consume models benefit tremendously from a prover that produces
more than just a yes/no answer or a set of saturated clauses. A solver should therefore be able to com-
municate a model that can be represented finitely and consumed by the clients. Applications that mainly
require an indication of validity may in some cases furthermore benefit from a certificate in the form of
a proof object. This paper describes the model-producing features of Z3, currently available in the tool.
It also describes the proof-producing features in preparation in the next version of Z3. While this paper
can serve as an overview of the model- and proof-producing facilities in Z3, we point out the following
particularities of our approach:

1. We define a notion of implicit quotation that allows us to encode a Tseitsin’ style clausification
without introducing auxiliary symbols. Other proof-producing SMT systems that we are aware of
[18], [19], [2], [22], introduce auxiliary symbols (such as proxy literals) during clausification and
other transformations. Such symbols can impede optimizations in the theory solvers (we provide
an example in Section 3.3.2 where we can avoid introducing extra Simplex Tableaux rows) and
make proof re-construction more involved.

2. We adapt an open-ended architecture for representing proofs. Proof rules can be introduced by
respective theory modules and combined with others. At the propositional level this is manifested

Rudnicki P, Sutcliffe G., Konev B., Schmidt R., Schulz S. (eds.);
Proceedings of the Combined KEAPPA - IWIL Workshops, pp. 123-132
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as we adapt a natural deduction style calculus. This contrasts with existing proof-producing SAT
solvers that generate resolution proofs directly [10, 6, 21]. We are obviously not the first to use
natural deduction in the context of SMT, for example, [9], investigates efficient proof checking of
natural deduction style proofs by implementing inference rules as rewrites.

3. We also do not attempt to specify all inference rules from a smaller set of axioms. Instead we rely
on proof checking to be able to carry out a limited set of inferences, or refine proofs in a separate
pass. This choice obviously reflects a trade-off between the requirements on the solver vs. the
proof checker. Our own experience has been that the coarse granularity has in fact been sufficient
in order to catch implementation bugs. Future work includes investigating whether this approach
is practical in the context of proof checkers based on trusted cores [1].

2 Preliminaries

2.1 Terms and Formulas

Z3 uses basic multi-sorted first-order terms. Formulas are just terms of Boolean sort, and terms are built
by function application, quantification, and bound variables. Sorts range over a finite denumerable set of
disjoint primitive sorts. To summarize

s ∈ Sorts ::= Boolean | Int | Proof | . . .
t ∈ Terms ::= f (t1, . . . , tn) function application

| x bound variable
| ∀x : s . t | ∃x : s . t quantification

There a a few built-in sorts, such as Boolean, Int, Real, BitVec[n] (for each n, an n-bit bit-vector),
and Proof. The Proof sort is used for proof-terms. Terms can be annotated by pragmas. For example,
quantifiers are annotated with patterns that control quantifier instantiation. Function symbols can be both
interpreted and uninterpreted. For example, numerals are encoded using interpreted functions. Function
symbols also have attributes, such as to indicate whether they are associative and/or commutative. Note
that there are no binding operators other than universal and existential quantification. A number of
function symbols are built-in to the base theory. We will introduce the set of proof-constructing terms as
we explain their origination, but here let us summarize the main pre-declared function symbols. We use
the usual infix symbols ∧,∨,→,↔ for Boolean conjunction, disjunction, implication and bi-implication.
For each sort s there is an equality relation ': s× s→ Boolean. The relation ∼: Boolean×Boolean→
Boolean is used in proof terms. A proof of ϕ ∼ ψ establishes that ϕ is equisatisfiable with ψ . In
other words, if we close ϕ and ψ by second-order existential quantification of all Skolem functions and
constants, we obtain equivalent formulas.

2.2 Proof Terms

Proof objects are also represented as terms. So a proof-tree is just a term where each inference rule is
represented by a function symbol. For example, consider the proof-rule for modus ponens:

... p
ψ → ϕ

... q
ψ

modus ponens
ϕ

In the rule, p is a proof-term for ψ → ϕ , and q is a proof for ψ . The resulting proof-term for ϕ is
then mp(p,q,ϕ). We will later elaborate on the function symbols for building basic proof terms that are
available in Z3.
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Every proof term has a consequent, the formula that the proof establishes. It is always the last
argument in our proof terms. To access the consequent we will use the notation con(p). For example,
con(mp(p,q,ϕ)) = ϕ .

3 Proofs

3.1 Overview

Z3 applies multiple stages when attempting to verify a formula. First formulas are simplified using a
repository of simplification rules. The result of simplification is then converted into an internal format
that can be processed by the solver core. We refer to this phase as internalization. The core comprises of
a SAT solver that performs Boolean search and a collection of theory solvers. The solver for equality and
uninterpreted function symbols (congruence closure) features predominantly as a theory solver in Z3 as
it dispatches constraints between the SAT solver and other theories.

Input formula Simplifier (3.2) Internalizer (3.3)

Theory Core (3.4.2,3.4.3)SAT solver (3.4.1)

As the figure illustrates, we will describe the various modules in the following sections, as we intro-
duce the proof terms that are produced as a side effect of the modules.

The figure does not reflect the full extent of Z3. We will not be elaborating on proof objects for
non-ground formulas in this paper. Z3 does produce proof objects for non-ground formulas. The re-
quired machinery introduces judgments stating equi-satisfiability of formulas. Furthermore, Z3 contains
a module that produces and integrates proofs in a superposition calculus [4]. The proof terms are the
usual superposition inferences [12]. That material is beyond the scope of this paper.

3.2 Simplification Rewriting

In a first phase, formulas are simplified using a rewriting simplifier. The simplifier applies standard
simplification rules for the supported theories. For example, terms using the arithmetical operations,
both for integer, real, and bit-vector arithmetic, are normalized into sums of monomials. A single axiom
called rewrite is used to record the simplification steps.

rewrite(t ' s), rewrite(ϕ ↔ ψ) A proof for a local rewriting step that converts t to s or ϕ to ψ . The head
function symbol of t is interpreted. Sample instances of this proof object are: rewrite(x + 0 ' x),
rewrite(x+ x' 2 · x), and rewrite((ϕ ∨false)↔ ϕ).

Notice that we do not axiomatize the legal rewrites. Instead, to check the rewrite steps, we rely on a
proof checker to be able to apply similar inferences for the set of built-in theories: arithmetic, bit-vectors
and arrays.
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3.3 Internalization

Internalization is the process of translating an arbitrary formula ϕ into a normal form that can be con-
sumed by efficient proof-search procedures. We will discuss two internalizations: clausification and con-
version of arithmetical constraints into a format that can be processed using a global Simplex tableau.
Internalization often introduces auxiliary variables that are satisfiability preserving definitional exten-
sions of the original problem. We will introduce a simple, but apparently unrecognized, technique of
implicit quotation to allow us introducing these definitional extensions, but at the same time take advan-
tage of the fact that the auxiliary variables can be viewed directly as terms they are shorthand for. The
technique of implicit quotation makes the proof extraction process fairly direct.

3.3.1 Clausification

Tseitsin’s clausal form conversion algorithm can be formulated as a procedure that works by recursive
descent on a formula and produces a set of equi-satisfiable set of clauses. A simple conversion algorithm
introduces one fresh name for each sub-formula, and defines the name using the shape of the sub-formula.
We here recall the basic idea by converting and-or formulas into CNF.

cnf (ϕ) = let (`,F) = cnf ′(ϕ) in `∧F
cnf ′(`) = (`, true) ` is a literal
cnf ′(¬ϕ) = let (`,F) = cnf ′(ϕ) in (¬`,F)
cnf ′(ϕ ∧ψ) = let (`1,F1) = cnf ′(ϕ), (`2,F2) = cnf ′(ψ) in

(p,F1∧F2∧ (¬`1∨¬`2∨ p)∧ (¬p∨ `1)∧ (¬p∨ `2)) p is fresh
cnf ′(ϕ ∨ψ) = let (`1,F1) = cnf ′(ϕ), (`2,F2) = cnf ′(ψ) in

(p,F1∧F2∧ (`1∨ `2∨¬p)∧ (p∨¬`1)∧ (p∨¬`2)) p is fresh

More sophisticated CNF conversions that do not introduce fresh names for all sub-formulas exist [14].
They control the number of auxiliary literals and clauses introduced during clausification.

Z3 does not introduce auxiliary predicates during internalization of quantifier-free formulas. Instead,
it re-uses the terms that are already used for representing the sub-formulas. Thus, instead of introducing
a fresh variable p, in the CNF conversion of ϕ ∨ψ , we treat the term ϕ ∨ψ as a literal. To clarify that a
sub-formula plays the rôle of a literal below, we quote it. So the literal associated with ϕ ∨ψ is dϕ ∨ψe.
So the CNF conversion of ϕ ∨ψ produces the pair:

(dϕ ∨ψe, F1∧F2∧ (`1∨ `2∨¬dϕ ∨ψe)∧ (dϕ ∨ψe∨¬`1)∧ (dϕ ∨ψe∨¬`2))

It may appear that we need to justify the auxiliary clauses (`1 ∨ `2 ∨¬dϕ ∨ψe), (dϕ ∨ψe∨¬`1), and
(dϕ ∨ψe∨¬`2) by appealing to the equi-satisfiablility, but the justification for these clauses happens in
fact to directly use equivalence. First note that it follows by induction on the clausification algorithm
that `1 is equivalent to ϕ and `2 is equivalent to ψ . Each of the auxiliary clauses introduced during
clausification is therefore justified as propositional tautologies. Only limited propositional reasoning is
required to justify these. The proof terms corresponding to the auxiliary clauses are tagged as definitional
axioms. For example, the axiom dϕ ∨ψe∨¬ϕ is represented by the term def axiom((ϕ ∨ψ)∨¬ϕ).

We introduced quotation here to clarify in which context logical connectives were to be used. Our
implementation in Z3 does not use quotation at all.

3.3.2 Arithmetic

Implicit quotation is also used when introducing auxiliary variables for theories, such as the theory for
linear arithmetic. Let us recall how the Simplex solver in Z3 works. Following [5], a theory solver for
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linear arithmetic, and integer linear arithmetic can be based on a Simplex Tableau of the form:

xi ' ∑
x j∈N

ai jx j xi ∈B, (1)

where B and N denote the set of basic and nonbasic variables, respectively. The sets B and N are
assumed disjoint, and each basic variable occurs in exactly one row. Thus, the values of basic variables
are determined by the values of the non-basic variables. In addition to this tableau, the solver state stores
upper and lower bounds li and ui for every variable xi and a mapping β that assigns a rational value
β (xi) to every variable xi. The bounds on nonbasic variables are always satisfied by β , so the following
invariant is maintained by the tableau operations

∀x j ∈N , l j ≤ β (x j)≤ u j. (2)

A tableau is satisfied if the same inequalities hold for the basic variables:

∀x j ∈B, l j ≤ β (x j)≤ u j. (3)

Bounds constraints for basic variables are not necessarily satisfied by β , so for instance, it may be the
case that li > β (xi) for some basic variable xi, but pivoting steps can be used to fix bounds violations, or
detect an unsatisfiable tableau.

Formally, Simplex-based solvers for linear arithmetic can interface with Boolean combinations of
inequalities by introducing one slack variable and a tableau row for every (maximal) linear arithmetic
sub-term in a formula. For example, it is by now common for SMT solvers to transform problems of the
form:

[(x+ y > 2)∧ (2x− y < 2)]∨ [( f (z+ x)≥ 5)∧ z < 3] (4)

to the following equi-satisfiable formula:

[(s1 > 2)∧ (s2 < 2)]∨ [( f (s3)≥ 5)∧ z < 3] (5)

∧ s1 ' x+ y∧ s2 ' 2x− y∧ s3 ' z+ x

The definitions for the slack variables translate into rows in a Simplex tableau. If we represent s1 by the
quotation dx+ye, and s2 by d2x−ye, and s3 by dz+xe, we observe directly that the additional equalities
are tautologies and therefore have trivial justifications. Furthermore, all Simplex tableau operations,
including pivoting, are equivalence preserving (pivoting replaces equals for equals, and divides rows
by constants), so the justifications for the Simplex rows remains a matter of expanding quotations and
checking equalities using linear arithmetic. The above observation can be used to reconstruct proofs from
unsatisfiable tableaux in a direct manner. In contrast, [2] proposed an encoding of arithmetical constraints
by introducing slack variables for potentially every arithmetical subterm (including potentially a slack
variable for z in z < 3). The slack variables allowed for tracking explanations and extracting proofs from
infeasible tableaux.

We now explain how proofs are extracted from unsatisfiable tableaux without modifying the trans-
lation phase. With a tableau row of the form (1) associate the suprema and infima of implied by the
coefficients, namely, let ar be the coefficients from the row and l j and u j be the lower and upper bounds
that are asserted by the literals x j ≤ u j and l j ≤ x j, then:

sup(ar) := ∑
x j∈N

+

ar ju j + ∑
x j∈N

−
ar jl j (6)

inf(ar) := ∑
x j∈N

+

ar jl j + ∑
x j∈N

−
ar ju j (7)
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where N − = {x j | ar j < 0}, and N + = {x j | ar j > 0}; and as usual, we set sup(ar) = ∞ if either some
x j ∈N +, u j = ∞, or for some x j ∈N −, l j =−∞.

Then an unsatisfiable tableau can be identified by an infeasible row r, where

ur < inf(ar) and xr ≤ ur is asserted, or lr > sup(ar) and lr ≤ xr is asserted. (8)

Corresponding to an infeasible row, we can extract a theory conflict by accumulating the bounds that
were used to derive a contradiction. So for example, in case of ur < inf(xr), the conflict clause is of the
form

¬(xr ≤ ur)∨
∨

x j∈N
+

¬(l j ≤ x j) ∨
∨

x j∈N
−

¬(x j ≤ u j) (9)

It is now simple to prove the conflict clause:

xr ' ∑x j∈N ar jx j lr1 ≤ xr1, xr1 ∈N +

xr ≥ (∑x j∈N ar jx j)−ar1xr1 +ar1lr1 xr2 ≤ ur2, xr2 ∈N −

xr ≥ (∑x j∈N ar jx j)−ar1xr1 +ar1lr1−ar2xr2 +ar2ur2 . . .

· · ·
xr ≥ inf(ar) xr ≤ ur

⊥lemma ¬(xr ≤ ur)∨
∨

x j∈N
+ ¬(l j ≤ x j) ∨

∨
x j∈N

− ¬(x j ≤ u j) (9)

The left-most antecedent is a tautology in the theory of linear arithmetic, the other antecedents are hy-
potheses. The lemma inference rule collects (see Section 3.4) the disjunction of the negated hypotheses
used for deriving ⊥. The intermediary inferences correspond to basic inequality propagation. Our im-
plementation in Z3 only produces the theory lemma directly without listing the equality corresponding
to the infeasible row.

3.4 Modular Proofs

A basic underlying principle for composing and building proofs in Z3 has been to support a modular
architecture that works well with theory solvers that receive literal assignments from other solvers and
produce contradictions or new literal assignments. The theory solvers should be able to produce inde-
pendent and opaque explanations for their decisions.

Conceptually, each solver acts upon a set of hypotheses and produce a consequent. The basic proof-
rules that support such an architecture can be summarized as: hypothesis, that allow introducing an
assumption, lemma, that eliminates hypotheses, and unit resolution that handles basic propagation. We
say that a proof-term is closed when every path that ends with a hypothesis contains an application of
rule lemma. If a term is not closed, it is open. To summarize, these core rules are:

hypothesis(ϕ) Mark ϕ as a hypothesis. The resulting proof term is open.

lemma(p,¬ϕ1∨ . . .∨¬ϕn) The proof term has one antecedent p such that con(p) = false, but p is open
with hypotheses ϕ1, . . . ,ϕn. The resulting proof term is closed.

unit resolution(p0, p1, . . . , pn,ψ1∨ . . .∨ψm) Where con(p0) = ϕ1∨ . . .∨ϕn∨ψ1∨ . . .∨ψm, con(p1) =
¬ϕ1, . . .con(pn) = ¬ϕn.

We will next describe how these rules integrate within a DPLL(T ) architecture.
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3.4.1 Proofs from DPLL(T )

The propositional inference engine in Z3 is based on a DPLL(T ) architecture. We refer to [13] for an
exposition on a basic introduction on DPLL(T ) as a transition system. The main points we will use is
that DPLL(T ) maintains a state of the form M ||F during search, where M is a partial assignment of
the atomic predicates in the formula F . Furthermore, we assume F is in conjunctive normal form. The
search keeps assigning atoms in M based on unit propagation, theory propagation (for example x > 3
implies that x > 0 by the theory of arithmetic), and guesses (also called decisions) until either it reaches
a state where the assignment satisfies all clauses in F , or some clause in F contradicts the assignment in
M.

The DPLL(T ) proof search method lends itself naturally to producing resolution style proofs. Sys-
tems, such as zChaff, and a version of MiniSAT [10, 6, 21], produce proof logs based on logging the
unit propagation steps as well as the conflict resolution steps. The resulting log suffices to produce a
propositional resolution proof. This approach works even though the SAT solver can choose to restart or
garbage collect learned conflict clauses that were produced during search.

The approach taken in Z3 bypasses logging, and instead builds proof objects during conflict resolu-
tion. With each clause we attach a proof. Clauses that were produced as part of the input have proofs
that were produced from the previous steps. A clause that is produced during conflict resolution depends
on some state of the partial model M. In particular, the learned clause is contradictory with some sub-
set of the decision literals in M, either directly because the learned clause contains decision literals, or
because the learned clause contains a literal that was obtained by propagation. Given a conflict clause
C : `1∨`2∨ . . .∨`n, we build a proof term of the form lemma(p, `1∨`2∨ . . .∨`n), where p is constructed
by examining the justifications for ¬`1, . . . ,¬`n. If ¬`i is a decision literal, then the justification for ¬`i

is a term hypothesis(¬`i). If ¬`i was inferred by unit propagation (so there is a fact ¬`i in M, with
justification C∨¬`i), then it is proved using unit-resolution and the justification for the clause C∨¬`i.

We see that this approach does not require logging resolution steps for every unit-propagation, but
delays the analysis of which unit propagation steps are useful until conflict resolution. The approach also
does not produce a resolution proof directly. It produces a natural deduction style proof with hypotheses.

Other propositional rules that are used during proof-reconstruction are:

asserted(ϕ) The formula ϕ is a user-supplied assumption.

goal(ϕ) The formula ϕ is a user-supplied goal. A goal is symmetric to asserted, but allows retaining
the distinction between goals and assumptions in proof objects.

mp(p,q,ϕ) Proof of ϕ by modus ponens. Assume that con(p) = ψ and that con(q) is either ψ → ϕ

or ψ ↔ ϕ . The latter form is used extensively in the simplifier to apply equivalence-preserving
simplification steps.

3.4.2 Congruence Proofs

In Z3, the congruence closure implementation is tightly integrated with the Boolean satisfiability core.
It serves as a main hub for equality propagation. The efficient extraction of minimal justifications for
congruence closure proofs has been studied extensively, [11]. We here summarize the proof objects that
are extracted from the justifications.

The theory of equality can be captured by axioms for reflexivity, symmetry, transitivity, and substi-
tutivity of equality. We encode these axioms as inference rules, and furthermore only specify that these
inference rules apply for any binary relation that is reflexive, symmetric, transitive, and/or reflexive-
monotone. We use the terminology, reflexive-monotone, for relations that are reflexive and monotone in
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a given function symbol f . In particular, the relation∼ (from Section 2.1) is also an equivalence relation,
and reflexive-monotone over conjunction and disjunction. So the rules are:

refl(R(t, t)) A proof for R(t, t), where R is a reflexive relation.

symm(p,R(t,s)) A proof of R(t,s), where R is a symmetric relation, and con(p) = R(s, t).

trans(p,q,R(t,s)) A proof of R(t,s), where R is transitive, and con(p) = R(t,u) and con(q) = R(u,s).

monotonicity(p1, .., pn,R( f (t1, .., tn), f (s1, ..,sn))) A proof of R( f (t1, .., tn), f (s1, ..,sn)), where
con(p1) = R(t1,s1), . . . , con(pn) = R(tn,sn), and R is reflexive and monotone in f . The
antecedent pi can be suppressed if ti = si. That is, reflexivity proofs are suppressed to save space.

Our congruence closure core maintains a congruence table. A congruence table enables propagation
of equalities over function symbols, so that for example if f (s, t) is a term, and s′ is equal to s, then when
creating f (s′, t) it is detected that the potentially new term is in the same congruence class as f (s, t). The
implementation also treats equality as a function, and every equality is also inserted to the congruence
table. This makes detecting implied dis-equalities simple: given two terms s and t, search the congruence
table for an existing entry for s' t. If the table contains such a literal, then check if the literal is assigned
to false. To make this use of the congruence table effective it understands commutative operations, such
as equality. This implicit use of commutativity gets reflected in the generated proof terms, and we include
a special rule for commutative functions. It can be instantiated for equalities.

comm( f (s, t)' f (t,s)), comm( f (s, t)↔ f (t,s)) where f is a commutative function (relation).

3.4.3 Theory lemmas

In the DPLL(T ) architecture, decision procedures for a theory T identify sets of asserted T -inconsistent
literals. Dually, the disjunction of the negated literals are T -tautologies. Consequently, proof terms
created by theories can be summarized using a single form, here called Theory lemmas.

th lemma(p1, . . . , pn,ϕ) Generic proof rule for theory lemmas. The formula con(p1)∧ . . .∧ con(pn)→
ϕ should be a T -tautology.

3.5 Applications

Z3 with proofs is still under development and has not been released yet. An obvious current application
is that proofs offer a simple litmus test on the implementation for soundness bugs. We integrate a simple,
but partial (it does not check T -lemmas) proof-checker in Z3 for this purpose. A much more effective
strategy for debugging bugs in theory solvers has been to dump the T -lemmas as they are produced.
Similar to [20], we can then apply an independent solver (namely, our previous version of Z3) on the
T -lemmas. We found this approach very effective in debugging optimizations that turned out to be
unsound.

We also have a facility for displaying proof-terms, but the proof term visualization very easily be-
comes too large to be of any use.

In future applications, we envision applications of proofs in Z3, such as: Proof-mining [17]; can
proofs be mined for strategies that are helpful for speeding up proofs for a class of problems? Interpola-
tion. Proof visualization. Finally, in the context of Isabelle/HOL, it has been suggested [8] to translate
HOL formulas (which use polymorphism), into first-order untyped formulas. A potentially unsound
translation is then run through first-order provers, but the produced proofs (currently apparently only
Prover9), can be checked for whether they use inferences that contradict the types.
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3.6 The overhead of enabling proofs

We benchmarked proof generation on a few selected, but non-trivial examples from SMT-LIB. The
samples show a memory overhead of between 3x-40x, and corresponding slowdowns of 1.1x to 3x.

Benchmark Without Proofs With Proofs
NEQ016 size7 26.01 secs 9.1 MB 39.84 secs 426 MB
PEQ010 size8 6.65 secs 9.3 MB 7.63 secs 40 MB
fischer6-mutex-14 7.01 secs 14 MB 16.38 secs 142 MB
cache.inv16 15.99 secs 11 MB 24.61 secs 159 MB
xs 20 40 2.2 secs 5.8 MB 2.70 secs 15.5 MB

4 Models

We will very briefly summarize the model generation features in Z3. More material is available on-line
on http://research.microsoft.com/projects/z3/models.html.

Z3 has the ability to produce models as part of its output. Models assign values to the constants in
the input and generate finite or partial function graphs for predicates and function symbols.

A model comprises of a set of partitions, each partition is printed as: *k, where k is a non-negative
number. Each partition is associated with a set of constants from the input, and is associated with a
concrete value. A concrete value can be either a Boolean (true or false), a numeral (with type Int, Real,
or BitVec[n]), an array (represented as a finite map), a tuple (represented by a constructor and sequence
of values for the fields), or an an uninterpreted ur-element. Ur-elements are internally represented as
natural number numerals, but with an uninterpreted type.

By default Z3, produces a full (and compact) interpretation for free functions. There is an option to
force Z3 to not assign interpretations to functions when their values don’t influence the truth assignment
to the formula.

Z3 version 2 integrates a superposition theorem prover [4]. When it is able to finitely saturate the
set of non-ground input clauses, it can also report that the non-ground formula that was provided is
satisfiable, but there are no other mechanisms for extracting additional information from the saturated
set of clauses.

4.1 Applications

Models are by now used in a number of Z3 clients. The main clients that use models are the program
exploration and test-case generation tools Pex and SAGE (we refer to [3] for all pointers). They extract
symbolic path conditions by monitoring program executions and use Z3 to find alternate inputs that
can guide the next execution into a different branch. Models are also used for improved debugging
feedback from Spec# and for iterative counter-example guided refinement in the context of bounded
model checking of model programs.

We also believe that the availability of models can in future applications play a useful role in the
context of model-based quantifier instantiation and integrating external decision procedures with Z3.

5 Conclusions

We presented the proof and model generation facilities in Z3. Models have already shown particular
usefulness in the context of SMT applications. Proofs will be available in Z3 v2, and we hope, in light
of this introduction, that users will be able to find useful applications of the feature.
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