
Greedy algorithms – part 3 

 

Huffman code 
A useful application for greedy algorithms is for compression—storing images or 
words with least amount of bits. 

1. Example of coding letters (inefficiently)- 

A -> 00           (“code word”) 

B -> 01 

C -> 10 

D -> 11 

 

AABABACA is coded by: 

0000010001001000 

This is wasteful; some characters might appear more often than others, but all 
are represented with two bits. 

2. More efficient: if some characters appear more frequently, then we can code 
them with shorter length in bits. Let’s say A appears more frequently and then B. 

A -> 0 (frequent) 

B -> 10 

C -> 110 

D -> 111 (less frequent) 

AABABACA is coded by: 

001001001100 

We represented the same sequence with less bits = compression. This is a 
variable length code. 

This is for instance relevant for the English language (“a” more frequent than “q”). 

Prefix codes: We consider only codes in which no code word is a prefix for the 
other one (= a start for the other one). 

[so we’re really only considering non prefix codes, although that’s the word that is 
used] 

Prefix codes are useful because as we’ll see, it is easier to decode (go from 
001001001100 to the characters). 

 



Example from book: 

 

 

Fixed: Coding entire file: 3 bits every character: 3 x 100000 = 300,000 bits 

Variable: (45 x 1 + 13 x 3 + 12 x 3 + 16 x 3 + 9 x 4 + 5 x 4) x 1000 = 224,000 bits 

 

Trees corresponding to the coding examples: 

 

Some notes on the trees: 

- Later: how to construct tree and the frequency nodes. 

- We can easily use tree for decoding – keep going down until reach a leaf as 
you go through 101 (b) 0 (a) 1101 (f) (in the variable length). 

- Variable length is a full binary tree (two children for every node until reach 
leaves). Fixed length is not. 

Main greedy approach for constructing the Huffman tree: Begins with a set of 
leaves, and each time identifies the two least frequent objects to merge together. 
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a b c d e f
Frequency (in thousands) 45 13 12 16 9 5
Fixed-length codeword 000 001 010 011 100 101
Variable-length codeword 0 101 100 111 1101 1100

Figure 16.3 A character-coding problem. A data file of 100,000 characters contains only the char-
acters a–f, with the frequencies indicated. If we assign each character a 3-bit codeword, we can
encode the file in 300,000 bits. Using the variable-length code shown, we can encode the file in only
224,000 bits.

in which each character is represented by a unique binary string, which we call a
codeword. If we use a fixed-length code, we need 3 bits to represent 6 characters:
a = 000, b = 001, . . . , f = 101. This method requires 300,000 bits to code the
entire file. Can we do better?

A variable-length code can do considerably better than a fixed-length code, by
giving frequent characters short codewords and infrequent characters long code-
words. Figure 16.3 shows such a code; here the 1-bit string 0 represents a, and the
4-bit string 1100 represents f. This code requires
.45 ! 1 C 13 ! 3 C 12 ! 3 C 16 ! 3 C 9 ! 4 C 5 ! 4/ ! 1,000 D 224,000 bits
to represent the file, a savings of approximately 25%. In fact, this is an optimal
character code for this file, as we shall see.

Prefix codes
We consider here only codes in which no codeword is also a prefix of some other
codeword. Such codes are called prefix codes.3 Although we won’t prove it here, a
prefix code can always achieve the optimal data compression among any character
code, and so we suffer no loss of generality by restricting our attention to prefix
codes.

Encoding is always simple for any binary character code; we just concatenate the
codewords representing each character of the file. For example, with the variable-
length prefix code of Figure 16.3, we code the 3-character file abc as 0!101!100 D
0101100, where “!” denotes concatenation.

Prefix codes are desirable because they simplify decoding. Since no codeword
is a prefix of any other, the codeword that begins an encoded file is unambiguous.
We can simply identify the initial codeword, translate it back to the original char-

3Perhaps “prefix-free codes” would be a better name, but the term “prefix codes” is standard in the
literature.
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Figure 16.4 Trees corresponding to the coding schemes in Figure 16.3. Each leaf is labeled with
a character and its frequency of occurrence. Each internal node is labeled with the sum of the fre-
quencies of the leaves in its subtree. (a) The tree corresponding to the fixed-length code a = 000, . . . ,
f = 101. (b) The tree corresponding to the optimal prefix code a = 0, b = 101, . . . , f = 1100.

acter, and repeat the decoding process on the remainder of the encoded file. In our
example, the string 001011101 parses uniquely as 0 ! 0 ! 101 ! 1101, which decodes
to aabe.

The decoding process needs a convenient representation for the prefix code so
that we can easily pick off the initial codeword. A binary tree whose leaves are
the given characters provides one such representation. We interpret the binary
codeword for a character as the simple path from the root to that character, where 0
means “go to the left child” and 1 means “go to the right child.” Figure 16.4 shows
the trees for the two codes of our example. Note that these are not binary search
trees, since the leaves need not appear in sorted order and internal nodes do not
contain character keys.

An optimal code for a file is always represented by a full binary tree, in which
every nonleaf node has two children (see Exercise 16.3-2). The fixed-length code
in our example is not optimal since its tree, shown in Figure 16.4(a), is not a full bi-
nary tree: it contains codewords beginning 10. . . , but none beginning 11. . . . Since
we can now restrict our attention to full binary trees, we can say that if C is the
alphabet from which the characters are drawn and all character frequencies are pos-
itive, then the tree for an optimal prefix code has exactly jC j leaves, one for each
letter of the alphabet, and exactly jC j " 1 internal nodes (see Exercise B.5-3).

Given a tree T corresponding to a prefix code, we can easily compute the number
of bits required to encode a file. For each character c in the alphabet C , let the
attribute c: freq denote the frequency of c in the file and let dT .c/ denote the depth



When we merge the two objects, the result is now an object whose sum is the 
frequency of the merged objects. 

An example for constructing a Huffman tree is given on the next page. 

 

Example constructing Huffman code tree: 
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Figure 16.5 The steps of Huffman’s algorithm for the frequencies given in Figure 16.3. Each part
shows the contents of the queue sorted into increasing order by frequency. At each step, the two
trees with lowest frequencies are merged. Leaves are shown as rectangles containing a character
and its frequency. Internal nodes are shown as circles containing the sum of the frequencies of their
children. An edge connecting an internal node with its children is labeled 0 if it is an edge to a left
child and 1 if it is an edge to a right child. The codeword for a letter is the sequence of labels on the
edges connecting the root to the leaf for that letter. (a) The initial set of n D 6 nodes, one for each
letter. (b)–(e) Intermediate stages. (f) The final tree.

from the queue, replacing them in the queue with a new node ´ representing their
merger. The frequency of ´ is computed as the sum of the frequencies of x and y
in line 7. The node ´ has x as its left child and y as its right child. (This order is
arbitrary; switching the left and right child of any node yields a different code of
the same cost.) After n ! 1 mergers, line 9 returns the one node left in the queue,
which is the root of the code tree.

Although the algorithm would produce the same result if we were to excise the
variables x and y—assigning directly to ´: left and ´:right in lines 5 and 6, and
changing line 7 to ´: freq D ´: left: freq C ´:right: freq—we shall use the node



 

 

Pseudo code: 

 

Main idea Huffman pseudo code: Repeatedly extracts two minimum frequencies 
from a priority queue Q (eg, a heap) and merges them as a new node in the 
queue. At the end, returns the one node left in the queue, which is the optimal 
tree. 

Run time: Huffman code: 

For loop runs n-1 times O(n) 

Each extracting min requires O(log n) 

Total: O(n log n) 

(the heap initialization also requires O(n), which we didn’t count above, but does 
not change the overall run time) 
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of c’s leaf in the tree. Note that dT .c/ is also the length of the codeword for
character c. The number of bits required to encode a file is thus
B.T / D

X

c2C

c: freq ! dT .c/ ; (16.4)

which we define as the cost of the tree T .

Constructing a Huffman code
Huffman invented a greedy algorithm that constructs an optimal prefix code called
a Huffman code. In line with our observations in Section 16.2, its proof of cor-
rectness relies on the greedy-choice property and optimal substructure. Rather
than demonstrating that these properties hold and then developing pseudocode, we
present the pseudocode first. Doing so will help clarify how the algorithm makes
greedy choices.

In the pseudocode that follows, we assume that C is a set of n characters and
that each character c 2 C is an object with an attribute c: freq giving its frequency.
The algorithm builds the tree T corresponding to the optimal code in a bottom-up
manner. It begins with a set of jC j leaves and performs a sequence of jC j " 1
“merging” operations to create the final tree. The algorithm uses a min-priority
queue Q, keyed on the freq attribute, to identify the two least-frequent objects to
merge together. When we merge two objects, the result is a new object whose
frequency is the sum of the frequencies of the two objects that were merged.

HUFFMAN.C /

1 n D jC j
2 Q D C
3 for i D 1 to n " 1
4 allocate a new node ´
5 ´: left D x D EXTRACT-MIN.Q/
6 ´:right D y D EXTRACT-MIN.Q/
7 ´: freq D x: freq C y: freq
8 INSERT.Q; ´/
9 return EXTRACT-MIN.Q/ // return the root of the tree

For our example, Huffman’s algorithm proceeds as shown in Figure 16.5. Since
the alphabet contains 6 letters, the initial queue size is n D 6, and 5 merge steps
build the tree. The final tree represents the optimal prefix code. The codeword for
a letter is the sequence of edge labels on the simple path from the root to the letter.

Line 2 initializes the min-priority queue Q with the characters in C . The for
loop in lines 3–8 repeatedly extracts the two nodes x and y of lowest frequency


